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Motivation: Twisted moiré materials are not inherently

quasi-periodic, but periodic with large cells
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The Bistritzer-MacDonald Hamiltonian

The two main ground material types are semimetals (e.g.
graphene) and semiconductors (e.g. WSey).
The Bistritzer-MacDonald Hamiltonian ('11,..) is given by

HBM = Ho(DX) + V(HX) .
—— ——
Decoupled layers  Coupling
Substituting x — x leads to a semiclassical operator with h = 6
Hem = Ho(hDx) + V/(x) . metric graphs? - Kuchment-Post '06
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The Bistritzer-MacDonald Hamiltonian

The Bistritzer-MacDonald Hamiltonian ('11,..) is an effective
Hamiltonian
Hem = Ho(DX) + V(@X) .
~——

——
Decoupled layers  Coupling

Substituting fx — x leads to a semiclassical operator with h = 0

Hem = Ho(hDX) + V(X) .
—_—— ~—~—

Decoupled layers  Coupling
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The Hamiltonian
We consider a two-dimensional magnetic Schrodinger operator Hy
with constant magnetic field B = 0,A; — 01 Az, with A(x) = Bxi e
and a real-valued periodic potential V € C*°(R?/T,,) with
FM = uze; + Zep

Hy = (—ihV — A)?> + V Q: What s its spectrum?



The Hamiltonian
We consider a two-dimensional magnetic Schrodinger operator Hy
with constant magnetic field B = 0,A; — 01 Az, with A(x) = Bxi e
and a real-valued periodic potential V € C*°(R?/T,,) with
FM = uze; + Zep

Hy = (—ihV — A)?> + V Q: What s its spectrum?




The Hamiltonian
We consider a two-dimensional magnetic Schrodinger operator Hy
with constant magnetic field B = 0,A; — 01 Az, with A(x) = Bxi e
and a real-valued periodic potential V € C*°(R?/T,,) with
FM = uze; + Zep

Hy = (—ihV — A)?> + V Q: What s its spectrum?

Using x — x + e, periodicity, the Bloch transform I yields

D
UHUT = / Hi dk;  Hi = h*D2 +(h(Dx,+k)—Bx1)*+V(x).

*



How to see the (in)commensurability?
For Hy = (—ihV — A)? + V, let
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with e; = (1,0), e2 = (0,1), and v := uB/(2mwh). Then
TiTo =TT,

and Ty, T> commute with Hy = (—ihV — A)? + V.
For Hy x = (—ihV + hkey — A)? + V, we introduce the regular
translations Tv(x) = v(x — pep) and observe that (Hy) is an
ergodic family

THi = Hiony T

We also observe that all Hi 2.7 are equivalent by

—27inx 2minxg __
e *Hie™™"™? = Hi i omn,

where x, > €272 is a unitary multiplication operator on L?(R/Z).
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filling the wells. By this, we mean that one defines for o € Z?

Hy(a) :== Hy + Z O(e + ayper + azer + ).
Ber\{o}

The operator Hy(«) has now discrete spectrum in

| :=(—o0,liminf V + Zﬁerﬂ\{o} O(e + ajpue; + azex + B)).

We take the eigenfunctions (e, ),cz2 associated with the lowest
eigenvalue of Hy/(«). We can project v, := Pe, := 1;(Hy)e, and
use Gram-Schmidt to find an orthonormal basis (¢, ). Thus,
Span(ypq) C ran(P), but (Carlsson-Helffer-Sjostrand)

H\/ Proj = Z Wa,ﬁ(@a (9 (p@) with Wq 8 i= <HV9067900¢>L2(R2)
a,BEZ?

with w, g = O(elo=Al/h),



The gDML is the discrete operator MY : (?(Z2) — (?(Z?)
M u(ar) := Z We,gu(B).
BeZ?

A similar Bloch reduction that allowed us to go from Hy to Hy v
allows us to reduce M” to a one-dimensional operator with
fz == wo

M u(n) = Z vg, (k—2mmvy)u(ni+p61) with vg, (x) = Z faeifox.

B1EZ B2EZ
low-lying
spectral projection
described by
Hy : H3(R?) — L[*(R?) MY € L(¢%(Z?))
Floquet- | iso- _ Floquet-\ iso-
Bloch |spectral low-lying  Bloch \spectral

spectral projection

described by
Hy k : HE(R x T) — L*(R x T) M, € L(3(Z))
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Nearest-neighbour approximation

While we always have standard semiclassical upper bounds

Wa,3 = O(e~1*=BI/M) lower bounds are much more difficult, unless
one assumes |B| is small (Helffer-Sjostrand’87).

For | B| large nearest neighbour couplings can vanish
(Fefferman-Shapiro-Weinstein '25).

The nearest neighbour approximations of the operators M” and
M are the discrete magnetic Laplacian DML € L(¢?(Z))

(DML%)a = Yasrer + Ya—e + A (€27 e, + €727 M0 gy)
and the AMO family AMO € L(¢?(Z)) with
(AMO Y)k.n = Yns1 + Yn—1 + 2A cos(2myn + k)i,

for k € R/(27Z).



Tight-binding reduction

low-lying
spectral projection
described by

Hy : H3(R?) — L[*(R?) MY € L(¢?(Z?))
Floquet- | iso- low-lying  Floquet-\ iso-
Bloch | spectral spectral projectiorBloch spectral

described by
Hy k : HA(R x T) — L*(R x T)

M, € L(e3(2))

reduces to
ashlO0
M7 e L(€2(Z2)) 4 DML e L(€2(Z2))
Floquet- iso- Floquet- iso-
Bloch |spectral reduces to Bloch | spectral
as hl|0

M| € L(¢*(Z)) AMO € L(¢3(Z))
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properties of AMO are "stable” under appropriate small,analytic
perturbations), we then have the following result:

> Avila & Jitomirskaya: proved Cantor spectrum for all
irrational v and all A # 0 of AMO.

» B., Han, & Jitomirskaya: The same holds on the
honeycomb lattice and also for metric quantum graphs and
(almost) all energies.

» B-Ge-Jitomirskaya’26: The same holds in the continuum for
low energies, h > 0 small

Hy = h?DZ + (hDy, — Bx1)? + V.
In addition,
» AMO: For A < 1, « irrational, the spectrum of AMO is a.c.,
for A > 1 and diophantine v and suitable k it exhibits
exponentially localized eigenfunctions (Anderson localization).

» B-Ge-Jitomirskaya’26: The same holds by changing i1 in the
continuum for low energies, h > 0 small, and Hy v .
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Summary & Open questions

We studied the limit from continuous magnetic operators in the
plane to discrete graphs and showed that spectral properties are
preserved.

» Part 1: Are there interesting quantum graph model for twisted
materials? - See for instance for planar graphene
(Kuchment-Post '07).

» Part 1: How is mechanical strain correctly included in
quantum graphs? - How do spectral properties change upon
"straining” ?

> Part 2: What happens for high energies in the continuum

model
Hy = h*D2 + (hDy, — Bx1)* + V?

» Part 2: Can we approximate the metric graph using
continuum models and exhibit spectral stability?



