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Motivation: Graphene and bilayer graphene
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Motivation: Twisted moiré materials

Moire fundamental cell scales ∝ 1/θ.
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Motivation: Twisted moiré materials are not inherently
quasi-periodic, but periodic with large cells

Moire fundamental cell scales ∝ 1/θ; Relaxation works by Carr,
Kaxiras, Luskin, Massatt et al.



The Bistritzer-MacDonald Hamiltonian
The two main ground material types are semimetals (e.g.
graphene) and semiconductors (e.g. WSe2).
The Bistritzer-MacDonald Hamiltonian (’11,..) is given by

HBM = H0(Dx)︸ ︷︷ ︸
Decoupled layers

+ V (θx)︸ ︷︷ ︸
Coupling

.

Substituting θx → x leads to a semiclassical operator with h = θ

HBM = H0(hDx)︸ ︷︷ ︸
Decoupled layers

+ V (x)︸ ︷︷ ︸
Coupling

. metric graphs? - Kuchment-Post ’06
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The Bistritzer-MacDonald Hamiltonian
The Bistritzer-MacDonald Hamiltonian (’11,..) is an effective
Hamiltonian

HBM = H0(Dx)︸ ︷︷ ︸
Decoupled layers

+ V (θx)︸ ︷︷ ︸
Coupling

.

Substituting θx → x leads to a semiclassical operator with h = θ

HBM = H0(hDx)︸ ︷︷ ︸
Decoupled layers

+ V (x)︸ ︷︷ ︸
Coupling

.



Agazzi et al (left); Dean et al ’12. (right)
The Ten Martini Problem (posed by M. Kac): Does the

spectrum form a Cantor set for all irrational fluxes?
Solved for the discrete magnetic Laplacian by Avila-Jitomirskaya ’06.
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The Hamiltonian
We consider a two-dimensional magnetic Schrödinger operator HV

with constant magnetic field B = ∂2A1 − ∂1A2, with A(x) = Bx1e2
and a real-valued periodic potential V ∈ C∞(R2/Γµ) with
Γµ = µZe1 + Ze2

HV = (−ih∇− A)2 + V Q: What is its spectrum?

µ1

Using x → x + e2 periodicity, the Bloch transform Uc yields

UcHVU−1
c =

∫ ⊕

T∗
Hk dk; Hk = h2D2

x1+(h(Dx2+k)−Bx1)
2+V (x).
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How to see the (in)commensurability?

For HV = (−ih∇− A)2 + V , let

T1u(x) = e iµBx2/hu(x−µe1) = e2πiγx2u(x−µe1) and T2u(x) = u(x−e2),

with e1 = (1, 0), e2 = (0, 1), and γ := µB/(2πh). Then

T1T2 = e2πiγ T2T1,

and T1,T2 commute with HV = (−ih∇− A)2 + V .
For HV ,k = (−ih∇+ hke2 − A)2 + V , we introduce the regular
translations Tv(x) = v(x − µe1) and observe that (Hk) is an
ergodic family

THk = Hk+2πγT .

We also observe that all Hk+2πZ are equivalent by

e−2πinx2Hke
2πinx2 = Hk+2πn,

where x2 7→ e2πinx2 is a unitary multiplication operator on L2(R/Z).
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Tight-binding reduction

To reduce the spectral analysis to a discrete operator, one starts by
filling the wells. By this, we mean that one defines for α ∈ Z2

HV (α) := HV +
∑

β∈Γµ\{0}

θ(•+ α1µe1 + α2e2 + β).

The operator HV (α) has now discrete spectrum in
I := (−∞, lim inf V +

∑
β∈Γµ\{0} θ(•+ α1µe1 + α2e2 + β)).

We take the eigenfunctions (eα)α∈Z2 associated with the lowest
eigenvalue of HV (α). We can project vα := Peα := 1I (HV )eα and
use Gram-Schmidt to find an orthonormal basis (φα). Thus,
span(φα) ⊂ ran(P), but (Carlsson-Helffer-Sjöstrand)

HV Proj =
∑

α,β∈Z2

wα,β(φα ⊗ φβ) with wα,β := ⟨HVφβ, φα⟩L2(R2)

with wα,β = O(e−|α−β|/h).
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The gDML is the discrete operator Mγ : ℓ2(Z2) → ℓ2(Z2)

Mγu(α) :=
∑
β∈Z2

wα,βu(β).

A similar Bloch reduction that allowed us to go from HV to Hk,V

allows us to reduce Mγ to a one-dimensional operator with
fβ := w0,β

Mγ
k u(n1) =

∑
β1∈Z

vβ1(k−2πn1γ)u(n1+β1) with vβ1(x) =
∑
β2∈Z

fβe
iβ2x .

HV : H2
B(R2) → L2(R2) Mγ ∈ L(ℓ2(Z2))

HV ,k : H2
B(R× T) → L2(R× T) Mγ

k ∈ L(ℓ2(Z))

low-lying
spectral projection

described by

low-lying
spectral projection

described by

Floquet-
Bloch

Floquet-
Bloch

iso-
spectral

iso-
spectral

Mγ ∈ L(ℓ2(Z2)) DML ∈ L(ℓ2(Z2))

Mγ
k ∈ L(ℓ2(Z)) AMO ∈ L(ℓ2(Z))

reduces to
as h ↓ 0

reduces to
as h ↓ 0

Floquet-
Bloch

Floquet-
Bloch
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Nearest-neighbour approximation

While we always have standard semiclassical upper bounds
wα,β = O(e−|α−β|/h), lower bounds are much more difficult, unless
one assumes |B| is small (Helffer-Sjöstrand’87).

For |B| large nearest neighbour couplings can vanish
(Fefferman-Shapiro-Weinstein ’25).
The nearest neighbour approximations of the operators Mγ and
Mγ

k are the discrete magnetic Laplacian DML ∈ L(ℓ2(Z))

(DMLψ)α = ψα+e1 + ψα−e1 + λ
(
e2πiγα1ψα+e2 + e−2πiγα1ψα−e2

)
and the AMO family AMO ∈ L(ℓ2(Z)) with

(AMOψ)k,n = ψn+1 + ψn−1 + 2λ cos(2πγn + k)ψn

for k ∈ R/(2πZ).
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For |B| large nearest neighbour couplings can vanish
(Fefferman-Shapiro-Weinstein ’25).
The nearest neighbour approximations of the operators Mγ and
Mγ

k are the discrete magnetic Laplacian DML ∈ L(ℓ2(Z))

(DMLψ)α = ψα+e1 + ψα−e1 + λ
(
e2πiγα1ψα+e2 + e−2πiγα1ψα−e2

)

and the AMO family AMO ∈ L(ℓ2(Z)) with

(AMOψ)k,n = ψn+1 + ψn−1 + 2λ cos(2πγn + k)ψn

for k ∈ R/(2πZ).



Nearest-neighbour approximation

While we always have standard semiclassical upper bounds
wα,β = O(e−|α−β|/h), lower bounds are much more difficult, unless
one assumes |B| is small (Helffer-Sjöstrand’87).
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Spectral convergence properties of continuum models
Following up on work by Ge & Jitomirskaya ’24

(”The spectral
properties of AMO are ”stable” under appropriate small,analytic
perturbations), we then have the following result:
▶ Avila & Jitomirskaya: proved Cantor spectrum for all

irrational γ and all λ ̸= 0 of AMO.
▶ B., Han, & Jitomirskaya: The same holds on the

honeycomb lattice and also for metric quantum graphs and
(almost) all energies.

▶ B-Ge-Jitomirskaya’26: The same holds in the continuum for
low energies, h > 0 small

HV = h2D2
x1 + (hDx2 − Bx1)

2 + V .

In addition,
▶ AMO: For λ < 1, γ irrational, the spectrum of AMO is a.c.,

for λ > 1 and diophantine γ and suitable k it exhibits
exponentially localized eigenfunctions (Anderson localization).

▶ B-Ge-Jitomirskaya’26: The same holds by changing µ in the
continuum for low energies, h > 0 small, and Hk,V .
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Summary & Open questions

We studied the limit from continuous magnetic operators in the
plane to discrete graphs and showed that spectral properties are
preserved.

▶ Part 1: Are there interesting quantum graph model for twisted
materials? - See for instance for planar graphene
(Kuchment-Post ’07).

▶ Part 1: How is mechanical strain correctly included in
quantum graphs? - How do spectral properties change upon
”straining”?

▶ Part 2: What happens for high energies in the continuum
model

HV = h2D2
x1 + (hDx2 − Bx1)

2 + V ?

▶ Part 2: Can we approximate the metric graph using
continuum models and exhibit spectral stability?
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