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Obliqgue Robin boundary conditions (ORBC)

T v @ ¥ simple, closed C*°-curve
Q_ @ Q. CR?isbdd. and 0Q, = ¥
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Y tangential vector fields
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Idea: Different views on the Laplacian

—A = —div ( ! ’0‘> V., —A=-4%0—id)3(01+ i)

—ja 1 4 g
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Conormal derivative: 9, + iad. = (1 + a)vdz + (1 — a)vo;

'
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a = 0: Robin boundary conditions

For a = 0 and 8 € R the Robin Laplacian
Ay sf = —Af,
dom(Ag ;) = {f € H*(Q+) |0, f+5f =0 on T}

is self-adjoint in L2(Q.), semibounded from below, and
@ (A ) discrete, accumulates to +oc;

©® oess(Ay 5) = [0, 00) & finitely many negative eigenvalues.

Many contributors, e.g.: Antunes, Arendt, Arlinskii, Bade, Beals, Birman,
Bdgli, Bruneau, Bucur, Chill, Cossetti, Daners, Derkach, Exner, Filinov,
Freeman, Freitas, Gesztesy, Giacomini, Gittins, Goffeng, Grubb, Helffer,
Holzmann, Kachmar, Kennedy, Khrabustoskyi, Kovarik, Krejcifik, Kunze,
Lang, Langer, Levitin, Lions, Lotoreichik, Lou, Magenes, Malamud, Marletta,
Mine, Mitrea, Mugnolo, Nazarov, Nichols, Nittka, Ouhabaz, Pankrashkin,
Persson Sundquist, Plum, Popoff, Raymond, Rozenblum, Schechter,
Schlosser, Schlumpf, Siegl, Taskinen, Visik, Warma, Zhu ...

J. Behrndt Oblique Robin boundary conditions



ORBC’s for a € [0,00) \ {1} and 5 € R
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ORBC’s for a € [0,00) \ {1} and 5 € R
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ORBC’s for a € [0,00) \ {1} and 5 € R

Definition

For a > 0 and 8 € R the oblique Robin Laplacian is

A% of = —Af,
dom(A; ;) = {f € H*(Qx) | 0,f + iad-f+ 3f =0 on T}

For a € [0,00) \ {1} and 5 € R we have:
o A ;is self-adjoint in L%(Qx)
° Uess(A;g) = 0 and oess(A,, 5) = [0, 00)
® a €[0,1): ggisc(A; 5) N (—00,0) finite (and @ if 5 > 0)
©® a > 1:agisc(A, 5) N (—00,0) infinite, accumulates to —oo !!!

v
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ORBC’s foraa=1and g € R\ {0}
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ORBC’s foraa=1and g € R\ {0}

Definition
Fora=1and g € R let
Afﬁf = —Af,
dom (AT ;) = {f € H'(Qx)|0,f + id,f & Bf=0on T, Af € [*(Q:)}
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o Af,is self-adjoint in [2(Q.)
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Afﬁf = —Af,
dom (A ;) = {f € H'(Qx)|0,f + i0,f = Bf=0on L, Af € L2(Qi)})

Fora=1and g € R\ {0} we have:
o Af,is self-adjoint in [2(Q:) and A7 ; C AT,

® 0ess(A{ ;) = 0 and ess(A; 5) = [0,0)
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® B < 0: agiso(Af 5) N (—00, 0) infinite, accumulates to —oo !!!

V.
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ORBC’s foraa=1and g € R\ {0}

Definition
Fora=1and g € R let
Afﬁf = —Af,
dom (A ;) = {f € H'(Qx)|0,f + i0,f = Bf=0on L, Af € L2(Qi)})

Fora=1and g € R\ {0} we have:
o Af,is self-adjoint in [2(Q:) and A7 ; C AT,

(] Uess(AT’B) = @ and Uess(A;ﬁ) = [0, OO)
°B8>0:Af;>0

® B < 0: agiso(Af 5) N (—00, 0) infinite, accumulates to —oo !!!

V.

Remark: Afﬂ 8 essentially self-adjoint (but not closed)
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ORBC’s fora=1and 5 € R\ {0}

Definition
Fora=1and g € R let

dom (AT ;) = {f € H'(Qx)|0,f + id,f & Bf=0on T, Af € [*(Q:)}

Fora=1and g € R\ {0} we have:
o Af,is self-adjoint in [2(Q:) and A7 ; C AT,
o Uess(A1 ,3) = @ and Uess( 1[_3) [0 OO)
@ 3>0: Ai >0

@ g<O: Udisc(Aw) N (—o0, 0) infinite, accumulates to —oo !!!

Remark: Af 8 essentially self-adjoint (but not closed)

Ref: 5 > 0 [AntunesBenguriaLotoreichikOurmiéres-Bonafos'21]
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ORBC’sfora=1and 5 =0
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ORBC’sfora=1and 5 =0

Definition
Fora=1and g =0 let
Afof = —Af = —40,05f,
dom(Ai,) = {f € L3(Qx) | 05 € Hj(Q)}
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ORBC’sfora=1and 5 =0

Definition
Fora=1and g =0 let
Afof = —Af = —40,05f,
dom(Ai,) = {f € L3(Qx) | 05 € Hj(Q)}

\,

For o = 1 and 3 = 0 we have:
o Af is self-adjoint in L2(Q4)
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ORBC’sfora=1and 5 =0

Definition
Fora=1and g =0 let
Afof = —Af = —40,05f,
dom(Ai,) = {f € L3(Qx) | 05 € Hj(Q)}

\,

For « = 1 and 5 = 0 we have:
o A7, is self-adjoint in L2(Q.) and AT, C AT, C A7,

o Af, >0 and dimker (Af,) = oo
@ Tess (A1,0) = {0} and oess (A1 0) [0, 00)
° )

odise(Afo) = 0p(Ap) and oisc(Ayg) = 0
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ORBC’sfora=1and 5 =0

Definition
Fora=1and g =0 let
Afof = —Af = —40,05f,
dom(Ai,) = {f € L3(Qx) | 05 € Hj(Q)}

\,

For o = 1 and 3 = 0 we have:
o A7, is self-adjoint in L2(Q.) and AT, C AT, C A7,

. Z\fo > 0 and dim ker(?\ﬁo) =
® 0ess(Afy) = {0} and cess (A7) = [0, 00)
)

@ Oyisc (7\?:0) =0p (AB) and ogisc (2‘1_70 =0

Remark: Afo, Z\fo essentially self-adjoint (but not closed)
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ORBC’sfora=1and 5 =0

Definition
Fora=1and g =0 let

Afof = —Af = —40,05f,
dom(Ai,) = {f € L3(Qx) | 05 € Hj(Q)}

\,

For o = 1 and 3 = 0 we have:
o A7, is self-adjoint in L2(Q.) and AT, C AT, C A7,

o Af, >0 and dimker (Af,) = oo
® 0oss(Af ) = {0} and gess (A7 ) = [0, 00)
. JdiSC(A?Lo) = op(Ap) and UdISC(A1,o) =0

Remark: Afo, Af’o essentially self-adjoint (but not closed)

Ref: [Schmidt’95] in the context of supersymmetric Dirac operators

J. Behrndt Oblique Robin boundary conditions



J. Behrndt Oblique Robin boundary conditions



Summary

Main result of this talk and key takeaway:
The oblique Robin Laplacian

A sf=—Afon Qi and 9,f+iad,f+Bf=0on X

is unbounded from below if and only if
@ a>1and g e R;
@ a=1and g < 0;

J. Behrndt Oblique Robin boundary conditions



Summary

Main result of this talk and key takeaway:
The oblique Robin Laplacian

A sf=—Afon Qi and 9,f+iad,f+Bf=0on X

is unbounded from below if and only if
@ a>1and g e R;
@ a=1and g < 0;
and in both cases the discrete eigenvalues accumulate to —cc.
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Thank you for your attention
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