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Why should we focus on evolutionary problems on graphs? @

Formation of biological networks (leaf venation networks, vascular and neural networks)
G. Albi, M. Burger, J. Haskovec, P. Markowich and M. Schlottbom, Active Particles, Volume 1, 2017.

Gas transport on networks/metric graphs
M. Erbar, D. Forkert, J. Maas, D. Mugnolo, Net. Heterog. Media, 2022

A. Fazeny, M. Burger, J.-E Pietschmann, EJAM, 2025
Data Science/Machine Learning: data representation as point clouds for clustering and
classification
M. Belkin, P. Niyogi, Neural Comput., 2002
R. R. Coifman, S. Lafon, Appl. Comput. Harmon. Anal., 2006
K. Craig, N. Garcia-Trillos, N. Garcia, D. Slepcev, Springer International Publishing, 2022.
Pros & cons (good for us!)
Easy/compact setting for: data representation, heterogeneity (e.g. interactions), etc.
Non-standard setting: complicated geometry and analysis.
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Dynamics on graphs: notation @

X = {x1, 2, ..., X, } random sample i.i.d. according to u € M*(R9)
= empirical measure " = 1 37 5,
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Dynamics on graphs: notation @

X = {x1, 2, ..., X, } random sample i.i.d. according to u € M*(R9)
= empirical measure " = 1 37 5,

aweight functionn : D — Rwith D := (R? x RY)\ {x = y}

= (u",n) defines an discrete weighted graph
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Example: dynamics driven by interaction energies on graphs @
Ex(p) = Z D Kxypxpy M

XGX yEX
OnRY: % =-— ijvxK(xf,xj) @
j=1
v
On finite graphs d
grap Px ZJX y'r](X ¥) &)
yeX
= 0 (pxs py) Viery @
vy = = > pa(Kyz — Kxz). 5)
zeX
CHOICE IS NOT CANONICAL! )

Goals
Define “suitable” flows on graph (u, n) = (co-)evolving if n = n(t, -)
Dynamics stable under graph limit n — oo (discrete-to-continuum / many-vertices limit)
Dynamics stable for local limit: i = Leb(RY), n°(x,y) = e~92p (%)
= limite — Oshould give 9:p = V - (pVK % p)
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Example: dynamics driven by interaction energies on graphs @

i)

NS
/1})\;‘%?
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General framework
R set of possible vertices, R? x R? \ {x = y} set of possible edges
n:RI x RY\ {x = y} — Rweight function = G := {R? x RY\ {x = y}|n(x, y) # 0} set of edges
p € M+ (RY) set of vertices
p € P(RY) distribution of mass (or a measure M(R9))
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Nonlocal continuity equation @
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Nonlocal continuity equation m

Continuity equation
Oipt +V -j: =0 where  ji(x) := pe(x)ve(x) J
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Nonlocal continuity equation m

Continuity equation
Oipt +V -j: =0 where  ji(x) := pe(x)ve(x) J

On Graphs o
Do) + (V- 00) = Deon0 + | eeoy) e y) dy) = 0

.jf(Xfy) = ¢(pt(x)7pf(y)) Vt(X7.y)
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Continuity equation
Oipt +V -j: =0 where  ji(x) := pe(x)ve(x)

On Graphs o
Do) + (V- 00) = Deon0 + | eeoy) e y) dy) = 0

.jf(Xfy) = ¢(pt(x)7pf(y)) Vt(X7.y)

Nonlocal continuity equation m

E.g. ¢(r,s) = (r — s)/(Inr — In s) = not reasonable for repulsive interactions
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Nonlocal continuity equation

Continuity equation
Oipt +V -j: =0 where  ji(x) := pe(x)ve(x)

On Graphs o
Do) + (V- 00) = Deon0 + | eeoy) e y) dy) = 0

jf(Xfy) = ¢(pt(x)7pf(y)) Vt(x7y)

E.g. ¢(r,s) = (r — s)/(Inr — In s) = not reasonable for repulsive interactions

Upwind interpolation: density along edges = density at the source

Je(x,¥) = p(x)ve(x, y)+ — p(y)ve(x, ¥) -
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Nonlocal continuity equation m

Continuity equation
Oipt +V -j: =0 where  ji(x) := pe(x)ve(x)

On Graphs o
Fepe(x) + (V- je)(x) = epe(x) + /R el y)nlx,y) duly) =0
jf(Xfy) :¢(pt(x)7pf(y)) Vt(x7y) )
E.g. ¢(r,s) = (r — s)/(Inr — In s) = not reasonable for repulsive interactions J

Upwind interpolation: density along edges = density at the source

Je(x,¥) = p(x)ve(x, y)+ — p(y)ve(x, ¥) -

Nonlocal continuity equation (p; < )

Oepe(x) + /R (e )velx, y)+ = pe(y)velx, y) =) n(x, y) duly) = 0 (NCE)

Nonlocal interaction equation on graphs: NL?IE
(NCE) with v{ := =V $£ = —VK x p,
A.E., E S. Patacchini, A. Schlichting, D. Slepcev - ARMA (2021). @
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Gradient and divergence on a graph @

Definition (Nonlocal gradient and divergence)

For any ¢ : R? — R, we define its nonlocal gradient V¢ : R2? — R by

Vo(x,y) = ¢(y) — ¢(x), forall(x,y) e Rﬁd.

For any Radon measure j € M(R2?), its nonlocal divergence V - j € M(R?) is defined as the adjoint
of V, i.e, forany ¢ : R — Rin Go(R?), there holds

[, #avi=—3 / [ ol y)dix.y)

- 7/ x)/ (d.I(X y) = dj(y, x))-

In particular, for j antisymmetric, that s, j € M(R2?) and dj(x, y) = —dj(y, x), denoted j €

M*(R2?), we have
/ ¢dﬁ-j=/ (x)dj(x,y) -
RI R4
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General interpolations @

3ep+V - F[u, 15 pe, ve] = 0 (NCB) |

Definition (Admissible flux interpolation)

A measurable function ®: R® — R s called an admissible flux interpolation provided that the
following conditions hold:

(i) ¢ satisfies

®(0,0;v) = d(a, b;0) =0, foralla,b,v € R; 6))

(i) ¢ isargument-wise Lipschitzin the sense that, for some Lo > 0, any a, b, ¢, d, v, w € R, itholds
[®(a, b; w) — ®(a, b; )| < Lo(la| + [B)|w — v|; (20)

|®(a, b; v) — ®(c,d; V)| < Lo(la—c|+ |b—d|)]|v; (2b)

(iii) @ is positively one-homogeneous in its first and second argument, that is, for all « > 0 and
(a, b,w) € R?, it holds

d(aa, ab; w) = ad(a, b; w).
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General interpolations: examples @

Upwind interpolation. One important case is given by the upwind interpolation ®pyind

defined as
D upwina(a, b; w) = awy — bw_ for (a, b, w) € R3. 3)

Mean multipliers. Another case is product interpolation ®,,4, which is of the form
Dproa(a, by w) = ¢(a, b)w for (a, b, w) € R?,
with ¢ R?> — R any measurable function satisfying, for some Lo > 0,

|¢(a, b)| < Lo max{|al,|b|},

|¢(a, b) — ¢(c, d)| < Lo(la — c| +|b— dI),
o(aa, ab) = ag(a, b),

#(a, b) = ¢(b, a),

foralla > 0and a, b, ¢, d € R. Common choices for ¢ are as below:

Arithmetic mean. ¢an(a, b) := %b;

Maximal mean. ¢max(a, b) := max{a, b}.
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Admissible fluxes and nonlocal conservation laws @

Definition (Admissible flux)

Let ® be an admissible flux interpolation, p € Mry(R?)and w € V3(G) := {v G = R : v(x,y) = —v(y,x)}.
Furthermore, take A € M+ (R? x R?) such that p ® p, 4 ® p < A (e.g., A = |p| ® p + 1 ® |p|). Then, the
admissible flux F®[u; p, w] € M(G) at (p, w) is defined by

dlp®@p) du®p).

® . _ . 4
dF® [, n; p, w] ¢( D ,W)nd/\ ()
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Admissible fluxes and nonlocal conservation laws @

Definition (Admissible flux)

Let ® be an admissible flux interpolation, p € Myy(RY) and w € V35(G) := {v G — R : v(x,y) = —v(y,x)}.
Furthermore, take A € M+ (R? x R?) such that p ® p, 4 ® p < A (e.g., A = |p| ® p + 1 ® |p|). Then, the
admissible flux F®[u; p, w] € M(G) at (p, w) is defined by

dF®u,m; p, w] = ® (%, w; w) nd. 4

Definition (Measure-valued solution to the NCL)

Given ¢ and a measurable V : [0, T] x My (RY) — V3(G), a curve p : [0, T] — Mry(R?) is a measure-valued
solution to the NCL, denoted as

Oep+V - F®lu,mi p, Ve(p)] = 0, (NCL)
provided that, for any A € B(R?), it holds that
@) p e ACy

(D) t > V- F®u; pe, Ve(pe)l[A] € LX([0, T]);

(iii) p satisfies

pt[A] + /Otﬁ- F®[u; ps, Vs(ps)][Alds = po[A] fora.e. t € [0, T]. 5)
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Well-posedness @

Theorem (A. E., E S. Patacchini, A. Schlichting, EJAM ’23)

Let V: [0, T] x M{(R?) — V*(G) and3 Cv, Ly > 0 so that, forallt € [0, T] and all p, s € M, (RY),

sup / IVelol (%, v)n(x, y)dily) < Cv,
R\ {x}

x€ERY

sup / [Velpl(x, y) — Vilol(x, y)In(x, y)du(y) < Lvlip — all7v.
RY\ {x}

xeRd

Then, there exists a unique measure solution p to (NCL) such that po = p°.

1. Proofvia Banach Fixed-Point Theorem

2. ® = O pying: GF approach for NL2IE by generalised Wasserstein distance
= Finsler GF
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Co-evolving graphs
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Co-evolving graphs @

Oepr = =V - FOu,me; pt, Vie[pe]l, (Co-NCL)
Orne = W[Pt] - Mt J

dF®lu,m;p,w] = <M M; W) ndA.

dy 7 dx

P
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Co-evolving graphs @

depr = =V - F®[u,me; pr, Velpr]l,

(Co-NCL)
Oene = wlpt] — e,

)

d(p® d(p®
dF®[u,m; p,w] = @ (7(/)(1)\ “),7(%)\ p);w) nd.

Definition (Solution to (Co-NCL))

Given ®, V : [0, T] x My (R?) x R24 — V25(R29), and w : [0, T] x Myv(R?) x R2¢ — R, a pair
(p,m) : [0, T] = Mrv(R9) x Cp(R29) is a solution to the initial value problem (Co-NCL) if, for any ¢ € Go(R9),
L. p € AC([0, T}, Mrv(R?)), n € AC([0, T], Gy(R29));

2. themaps t — (0, V - F®[u, ne; pe, Ve[pe]]) and t — wlpe] — ne € L1([0, T]);
3. fora.e. t € [0, T], every (x,y) € R29, forany ¢ € Co(R?), it holds

1 [t _
/ edpt =/ sodpoJrf/ // VdF® [, ns, ps; Vs[ps]lds 6)
Rd Rd 2 0 ]Rjd

mxn) = mlxn) + [ el ) — e ) @

A.E,, L. Mikoldas, On evolution PDEs on co-evolving graphs, DCDS '24.

Milan, 19/03/26 Antonio Esposito
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Different time-scales @

Graph slower: 7 = et
Oepe = =V - F®lu,me; pr, Velpe]

e = e(w[pe] — nr) (Co—NCLs)
po € MP(RY), no € Go(R27),

Graph faster: 7 = t /e

(Co—NCLg)

Oepe = =V - F®lu,me; pe, Velpil
edme(x, y) = —ne(x, y) + wlpl(t, x, y),

Oepe = =V - F2u, wlpd; pe, Velpe]].

P
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Graph-limit or many-vertices limit

Finte graph

n
p’=> "mis,, x€RY m!e(0,00), fori=1,...,n, forneN. ®)
i=1
£ n v dr.on n. .n n
. Oept = =V - F2[u" n' o, Vilpt]l,

s . A i (%, y) = welp"l(x,¥) = 1 (%, ),
Pa i g B E po € MFY(RY), no € Co(R>).
Lo T (Co—NCLy)
(»". "“" ‘u 7‘. v’ . < Eee -' a8

PN ‘; - ."‘ 4 RO
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Graph-limit or many-vertices limit: stability w.r.t. base measure 1 @

Theorem

Fix ® = D ypying and consider a sequence {ju,}nen € M7, (RY) such that " = p € M4, (R?). Let
V[0, T] x MY, (RY) x R?? — V**(R?*?) andw : [0, T] x MY, (R?) x R* — RY satisfy suitable
assumptions, uniformly in n. Assume ((x,y) — V[](-,x,y)) € Co(R*) and

((x,y) = we[](-, %, ¥)) € Go(R??). Let us consider a sequence of solutions {(p",1") }nen to
(Co—NCL,) associated to { i, } and let (p,n) be the solution to (Co-NCL) depending on p. If

lles — p°ll7v — 0 and||ng — nollee — 0 asn — oo, then

Jim deo ((0",0"), (1)) = 0.

doo (0% 1), (0%, 1%)) = 10" = 0% llow iy ey 10" = 770, ¢, r20;

where

0" = P*loo ntryrey = sup_ ot — pillvv and  [In* — 0%l 2y = sup_lIni — i llco-
te[0,T] 4 t€[0,T]

Milan, 19/03/26 Antonio Esposito local it on

lving graphs




Outline @

Graph-continuity equation & long-time behaviour
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Euler equation for (Co-NCL) @

Assume 1 € P»(RY) is the “set of vertices” = p < p, thatis p; == rrdp

Oere(x) = — /}Rd\{x} D(re(x), re(y); Velrl(x, y))ne(x, y)du(y) (Buler Co-NCL)

Orne = wt[f] - Mt

Definition (Solution to (Euler Co-NCL))

Let p = 2, oo, ® jointly antisym., V : [0, T] x L, (R?) — V25(R29), and w : [0, T] x L{(RY) x R2¢ — R. A pair
(r,m) : [0, T] = LE(RY) x Cp(R2)isasolto (Euler Co-NCL) w/ (ro,m0) € LE(RY) x Cyp(RY) if:

Lot faay gy @(re(x), re(y); Velrl(x, y))me(x, y)du(y) and ¢ — we[pe] — ne belong to L*([0, T]);
2. forp-a.e. x € RY, t € [0, T], (x,y) € R29, itholds

W =000 = [ (0, 50 G s, ) (9a)

ne(x,y) = no(x, y) + /Ot (ws[rl(x,¥) —ns(x,y)) ds. (9b)

3. r € AC([0, T], LE(RY)), n € AC([0, T], Co(R2%)).
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Graph continuity equation @

Gt = (p, me[r]) co-evolving graph, for (r, n) sol to (Euler Co-NCL) = o := ¢, ® p is a weak sol to

0o + Og(ox|o, r,m]) =0,
{0:) e P(R x RY), (graph-CE)
o rl(t6.) == (E,€5 Vlr| (X ), X )do (€, ) 10)
RxRI\ {x}
Disintegrated version of (graph-CE)
{&m,x + O (el rm)(t, X)) = 0, a
00,x = Ox,

for p-almost every x € RY and & = [pq4 5xdp(x).

v
Theorem

LetV : [0, T] x L2(R?) — V25(R29) satisfy some assumptions. Let (r,n) be the solution of (Euler Co-NCL).
Then, there exists a unique solution o € C([0, T], P5 (R x RY)) to (graph-CE) with initial condition
v € PY(R x RY) givenbyo = [pq 0+ xdu(x) whereot x = o, r,n](t, ) uvx for p-a.e. x € R9.

Inspired by Paul and E. Trélat - arXiv (2024) - similar case for heterogeneous interactions
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Failure to prove contraction in Li d: too strong condition on the flux

Setting PE(R x RY) := {v € P2(R x RY) | mayv = i},

1
L2dy(v', V%) = (/ dg(ui,uf)du(x)) : , v 2 e PE(R x RY),
RrRd

Proposition

Fix ® = ®ypyina. Leto’ € C([0, T], P5(R x R?)) be u-monokinetic solutions of (graph-CE), with
initial data oy = Ori) ® pr where (r',n) are solutions to (Euler Co-NCL) starting from

(r§, ) € LA(RY) x Cp(R2Y), fori = 1,2, and i > 0. Let V : [0, T] — V**(R2?) be an antisymmetric
velocity field which is continuous in time and satisfies suitable assumptions, and let

w: [0, T] x R%¥ — R satisfy other assumptions andw > w. > 0. Assume,

A= inf inf/ Ve (x, X" )ne(x, x")du(x") > 0. (12)
R

te[0, T] xeRd

Then, foranyt € [0, T}, , . - .
L, d>(0r,0r) < e 'L, da(0g, 00) -

Milan, 19/03/26 Antonio Esposito local i on ¢
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Long-time behaviour for pointwise and monotonic velocities @

Apointwise V : [0, T] x L5 (R?) — V25(R29) is monotonicif, for r € L5°(R?), t > 0, and p-a.e. x,x’ € RY:
r(x) > r(y), then Vi (r(x), r(x)) > Vi (r(y), r(x')),

r(x) < r(y), then V" (r(x), r(x")) > V; (r(y), r(x")),
r(x) = r(x’), then V¢ (r(x), r(x")) = 0.

Main example Vi(re(x), (X)) = —=Va(r)(x,x') = ofre(x)] — afre(x')] , 13)

where o : R — R is monotonically increasing and bounded such as a(x) = forx € RY.

_1
1+e—x’
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Long-time behaviour for pointwise and monotonic velocities @

Definition

Apointwise V : [0, T] x L5 (R?) — V25(R29) is monotonicif, for r € L5°(R?), t > 0, and p-a.e. x,x’ € RY:
r(x) > r(y), then V;(r(x), r(x')) > Vi (r(y), r(x")),
r(x) < r(y), then V" (r(x), r(x")) > V; (r(y), r(x")),
r(x) = r(x’), then V;(r(x), r(x")) = 0.

Main example Vi(re(x), (X)) = —=Va(r)(x,x') = ofre(x)] — afre(x')] , 13)

where o : R — R is monotonically increasing and bounded such as a(x) = forx € RY.

_1
1+e—x’

Assumption (restrict to K compact)
V 1 [0,00) x L2 (K) — V#5(K?) is continuous in time and is of the form V/(r¢(x), re(x')) = a(re(x)) — a(r(x)),
where a € C}(R) is increasing on compact sets, i.e.

d
o/(y):d—a(y)>c>0, fory € Q C R compact, and ¢ > 0.
y
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Convergence to the uniform mass distribution @

Theorem

Fix® = & pying- Let (r,n) € AC(RT, L (K)) x AC(RT, C(K?2)) be a solution of (Euler Co-NCL) with a
pointwise monotonic velocity field V : Rt x Li2(K) — Vas(K?) satisfying suitable assumptions. Let

w:RT x L2(K) x K2 — R suitable. Assumery > 0 and [, ro(x)du(x) = M, andn® € Cp(K?) is positive and
symmetric. Then, for ji-a.e. x € RY, it holds

tI~I>ngo re(x) = u(K)
Proof ) neal oMt
ro,« M« 0 oMe™* 7 x.0 =
’ = rt,*
neal, o(M + (" *=0™ — 1)u(K)ro.)
< re(x)
< Hft”Lﬁo(K)

!
M
||f0||L;;c(K)ai,o77*Mea*"’n* t

= 7 M .
o, g7+ [l e roypa(K) (=0 — 1) + M]
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Take-home messages @

Evolution (nonlocal) PDEs on graphs (static and co-evolving)
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Take-home messages @

Evolution (nonlocal) PDEs on graphs (static and co-evolving)

Time scales analysis leads to different graphs
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Take-home messages @

Evolution (nonlocal) PDEs on graphs (static and co-evolving)
Time scales analysis leads to different graphs

Graphs: space-discretisation
= nonlocal deterministic approximation for transport type equations
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Take-home messages @

Evolution (nonlocal) PDEs on graphs (static and co-evolving)
Time scales analysis leads to different graphs

Graphs: space-discretisation
= nonlocal deterministic approximation for transport type equations

Some challenges
Long-time behaviour: only partial results
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Take-home messages

Evolution (nonlocal) PDEs on graphs (static and co-evolving)
Time scales analysis leads to different graphs

Graphs: space-discretisation
= nonlocal deterministic approximation for transport type equations

Some challenges
Long-time behaviour: only partial results
Free energies including entropies (diffusion/randomness)
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Take-home messages

Evolution (nonlocal) PDEs on graphs (static and co-evolving)
Time scales analysis leads to different graphs

Graphs: space-discretisation
= nonlocal deterministic approximation for transport type equations

Some challenges
Long-time behaviour: only partial results
Free energies including entropies (diffusion/randomness)
Different evolutions for ,?
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Take-home messages @

Evolution (nonlocal) PDEs on graphs (static and co-evolving)
Time scales analysis leads to different graphs

Graphs: space-discretisation
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Thank you for your attention!
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