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Introduction to the proximal map

E : Rd → R smooth. Consider its Gradient Flow:ẋ(t) = −∇E(x(t)),

x(0) = x0.

Time Discretization with time step τ > 0, via Implicit Euler:

x0, xk+1 :
xk+1 − xk

τ
= −∇E (xk+1),

xk+1 − xk
τ

+∇E(xk+1) = 0 ↔ ∇
(
|xk+1 − xk |2

2τ
+ E(xk+1

)
= 0.

xk+1 is a critical point of x 7→ |x−xk |2
2τ

+ E(x). If E is convex, the implicit step

is equivalent to

x0, xk+1 = argmin
x∈Rd

{
1

2τ
|x − xk |2 + E(x)

}
.

Key point of De Giorgi’s minimizing movements theory.
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Proximal map

• (X , d) metric space;

• E : X → R ∪ {+∞} proper, l.s.c. functional, τ > 0 parameter.

Proximal map

PτE (y) := argmin
x∈X

{
1

2τ
d2(x , y) + E(x)

}
.

Context:

• time discretization of gradient flows in Rn or Hilbert spaces;

• definition of gradient flows in Rn for non smooth E ;

• definition and properties of gradient flows in metric spaces [Ambrosio,

Gigli and Savaré ’05].

Observation: PτE can be multivalued.

In a Hilbert space the proximal map of a convex functional is non ex-

pansive, that is 1-Lipschitz.
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2-Wasserstein distance

Optimal transport problem:

transporting a distribution of mass into

another minimizing a cost functional.

For µ, ν ∈ P(Rd),

Adm(µ, ν) =
{
γ ∈ P(Rd × Rd) : π1

♯γ = µ, π2
♯γ = µ

}
,

for π1 : (x , y) 7→ x , π2 : (x , y) 7→ y .

P2(Rd) probabilities with bounded second moment.

2-Wasserstein distance

Let µ, ν be in P2(Rd × Rd).

W 2
2 (µ, ν) = inf

γ∈Adm(µ,ν)

∫
Rd×Rd

|x − y |2 dγ.

Opt(µ, ν) = {γ ∈ Adm(µ, ν) minimizers}
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JKO Operator

• (X , d) = (P2(Rd),W2) the 2-Wasserstein space;

• F : P2(Rd) → (−∞,+∞] proper, lower semicontinuous, bounded by a

quadratic function;

• τ > 0 small enough.

JKO functional

PτF (µ) := argmin
ν∈P2(Rd )

{
1

2τ
W2

2(µ, ν) + F(ν)

}
.

Observations:

• introduced for a time discrete variational scheme for the Fokker Plank

equation [Jordan, Kinderlehrer and Otto ’98];

• can be used to study gradient flows in the Wasserstein space, starting

from a discretized problem.
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Motivation I

On the big picture:

Open problem

Is the JKO operator of a functional F : P2(Rd) → (−∞,+∞] non

expansive?

W2(PτF (µ),PτF (ν)) ≤ W2(µ, ν) ∀µ, ν ∈ P2(Rd).

Comment:

• PτF can be used iteratively to define the discretized W2-gradient flow;

• for continuous time gradient flow non expansivity holds under convexity

conditions of F ! [Ambrosio, Gigli and Savaré ’05].
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Motivation II

Question

Can one have some quantified continuity? Under which conditions on

F?

• Optimization point of view:

min
ν∈P2(Rd )

F(ν);

contractivity of the proximal operator ⇝ convergence of the proximal

point algorithm.

• Variational analysis point of view:

min
µ

1

2
W 2

2 (µ, ν) + F(µ),

PF satisfies a quatitative continuity ⇝ the minimization problem is stable.

• Evolutive PDEs: crowd motion with constrained density, continuity used

to have uniqueness of the Wasserstein projection onto measures with

bounded densities.
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Convexity in the Wasserstein space

F : P2(Rd) → (−∞,+∞] is:

• geodesically convex if

∀µ1, µ2,∃t 7→ µt geodesics between them s.t.

t 7→ F(µt) is convex,

γ ∈ Opt(µ1, µ2), t 7→ µt = ((1− t)π1 + tπ2)♯γ.

• convex along generalized geodesics if

∀µ1, µ2,∀ ν base ∃t 7→ µν
t generalized geod. with base ν

s.t. t 7→ F(µν
t ) is convex, [Ambrosio, Gigli and Savaré ’05],

γν
µi

∈ Opt(ν, µi ), γ ∈ P((Rd)3) extending γν
µi
,

t 7→ µt = ((1− t)π2 + tπ3)♯γ.

• totally convex if

∀µ1, µ2,∀ curves induced by coupling

γ ∈ Adm(µ1, µ2), t 7→ µt = ((1− t)π1 + tπ2)♯γ,

t 7→ F(µt) is convex, [Cavagnari, Savaré and Sodini ’25].

µ1 µ2

µt

ν

µ1 µ2

µν
t
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γν
µi

∈ Opt(ν, µi ), γ ∈ P((Rd)3) extending γν
µi
,

t 7→ µt = ((1− t)π2 + tπ3)♯γ.

• totally convex if

∀µ1, µ2,∀ curves induced by coupling

γ ∈ Adm(µ1, µ2), t 7→ µt = ((1− t)π1 + tπ2)♯γ,

t 7→ F(µt) is convex, [Cavagnari, Savaré and Sodini ’25].
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Known cases

Total

convexity

Conv. along

gen. geod.

Conv. along

inner gen. geod.

Convexity along

geodesics

• Negative case: convexity along inner generalized geodesics is not enough

for continuity:

K =

{
µ ∈ P2(Rd), µ =

1

2
δx1 +

1

2
δx2

}
, IK (ν) =

0 if ν ∈ K ,

+∞ else.

Then PIK is the projection on K :

it is not even unique!

• Positive case: [Cavagnari, Savaré and Sodini ’25]

Let F : P2(Rd) → (−∞,+∞] be totally convex.

Then µ 7→ PτF (µ) is non-expansive.

Follows by lifting the totally convex functional to a convex functional on

the Hilbert space of L2 random variables.
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Let F : P2(Rd) → (−∞,+∞] be totally convex.

Then µ 7→ PτF (µ) is non-expansive.

Follows by lifting the totally convex functional to a convex functional on

the Hilbert space of L2 random variables.

8 / 13



Intermediate results I: Hölderianity

Existing results:

• [Carlen and Craig ’13] : F convex along generalized geodesics, then PτF

is non expansive w.r.t. a variation on W2,

• [Roudneff ’12]; [De Philippis, Mészáros, Santambrogio and Velichkov ’16]:

K =
{
µ ∈ P2(Rd), µ = ρLd , ρ ≤ 1

}
, IK (ν) =

0 if ν ∈ K ,

+∞ else.

Pτ IK is locally 1
2
Hölder continuous.

Theorem [Di Marino, F. and Naldi]

Let F : P2(Rd) → (−∞,+∞] be poper, l.s.c., convex along generalized

geodesics. Then µ 7→ PτF (µ) is locally Hölder with exponent 1
2
.

Comments:

• The proof adapts the proof of Roudneff;

• 1
2
-Hölderianity estimate was proved for a similar variational problem

related to moment measures. [Delalande and F. ’25]
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Intermediate results II: weak non expansiveness

Existing results:

• [Adve and Meszáros ’20]: Let Ω ⊆ Rd closed convex set.

K := {ρ ∈ Pa.c.(Ω) : ρ ≤ 1} IK (ν) =

0 if ν ∈ K ,

+∞ else.

Pτ IK is the W2 projection onto K is weakly non expansive.

Let µ, ν ∈ P2(Ω), and set µ̃ := Pτ IK (µ) and ν̃ := Pτ IK (ν). Then

W 2
2 (µ̃, ν̃) ≤

∫
Ω×Ω

|x − y |2 dγ(x , y),

where

• η ∈ Opt(µ̃, ν̃),

• Tµ,Tν : Ω → Ω the

optimal maps from µ̃, ν̃

to µ, ν, respectively,

• γ := (Tµ,Tν)♯η ∈
Adm(µ, ν).

µ ν

µ̃ ν̃

γ

Tµ opt

η

opt

η̃ Tνopt
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Intermediate results II: weak non expansiveness

Theorem [Di Marino, F. and Naldi]

Let F : P2(Rd) → (−∞,+∞] convex along geodesics. Let µ, ν ∈
P2(Rd), µ̃ ∈ PτF (µ), ν̃ ∈ PτF (ν).

W 2
2 (µ̃, ν̃) ≤

∫
Rd×Rd

|x − y |2dγ

with

• η̃ ∈ P(Rd × Rd × Rd) ’obtained

by gluing’ η, ην , ηµ

• γ = (π1,3)♯η̃.

µ ν

µ̃ ν̃

γ

ηµ opt

η

opt

η̃ ηνopt

Comments:

• if there exists a unique optimal transport plan between µ and ν ⇝ non

expansiveness;

• in general does not imply continuity.
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Convex order of measures and totally convex functionals

Convex order on measures

Given µ, ν ∈ P(Rd), µ and ν are in convex order µ ≤C ν if
∫
Rd f dµ ⩽∫

Rd f dν for any f continuous, convex and in L1(ν).

Proposition [Di Marino, F. and Naldi]

Let F : P2(Rd) → (−∞,+∞] proper, lower semicontinuous and totally

convex. Then for any µ, ν ∈ P2(Rd) satisfying µ ≤C ν, we have

F(µ) ⩽ F(ν).

Corollary

Let F : P2(Rd) → (−∞,+∞] proper, lower semicontinuous and totally

convex. Then

F(δbar(µ)) ⩽ F(µ) forevery µ ∈ P(Rd).

In particular, if µ ∈ argminF it also holds δbar(µ) ∈ argminF .
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Thank you for your attention!


