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Randomness vs Order vs Balance

Chaotic life (Poisson) Rigid life (lattice) Hyperuniform life

some days awesome, some  Same routine every day, spontaneous on everyday
days disaster, long-term no spontaneous decisions basis, stable on long-term
instability.

Chaotic Life Ultra-Rigid Life Balanced
(Hyperuniform) Life



Nobel prize in Chemistry: Quasicrystals

Dan Shechtman (Technion, Israel): 2011 Nobel Prize for discovering quasicrystals.

Quasicrystals:

a unique form of matter found in 1982
exhibiting

I long-range order,

1 no periodic repetition,

1 suppressed large-scale density

fluctuations.

They provide a beautiful example of
structure between disorder and crystalline
rigidity.




Quasicrystals: order beyond periodicity

Penrose tilings

Meteorit Khatyrka fragment




Outline

How to measure the balance?
Probabilistic perspective
Spectral theory perspective
Random matrix perspective
Optimal transport perspective

Big questions



How to measure the balance?




Balance 3 Hyperuniformity

local disorder, global order

Hyperuniform systems suppress long-range density fluctuations more strongly
than generic disordered media.

They interpolate between randomness and rigidity, appearing in point processes,
random media, tilings, and physical materials.

The subject connects probability, geometry, statistical mechanics, and wave
transport.

Takeaway
Hyperuniformity is a large-scale phenomenon: what matters is not local regularity,
but the asymptotic decay of fluctuations = variance.



Probabilistic perspective




Hyperuniform point processes

Let P be a stationary point process in RY with intensity p. For a bounded Borel set
W [RY, denote by N(W) the number of points in W

Definition
The process P is hyperuniform if for a family of expanding windows Wg one has

L] ]
Var N(Wr) = o(|WR|) as R - oo.

Problem: Definition strongly dependent on the shape of Wg.
Common practice: Wg = B(0,R)



Examples

Non-hyperuniform Hyperuniform

Poisson Lattices Perturbed lattices
Short-range Gibbs Crystals Zeros of Gaussian
Perturbed lattices analytic functions
RSA (car parking) Coulomb gas
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Hyperuniformity =L_glbbal repulsivity forces



Fourier characterization of hyperuniformity

Let P be a stationary point process of intensity p in RY. Its structure factor is

defined by
S(k) =1+ phR),

where h = g2 — 1 is the total correlation function.

Definition
The process P is called hyperuniform if

Problem: Often h does not exist nor admit Fourier transform.

Common practice: Work with distributions

Open: Construct a statistical test for hyperuniformity
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