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Isoperimetry à la Hersch for λ1



Hersch inequality

Let (M, g) be closed Riemannian manifold and consider

−∆g f = λf in M

The eigenvalues form a sequence

0 = λ0 < λ1 ≤ λ2 ≤ · · · ↗ +∞.

Corresponding eigenfunctions fj ∈ C∞(M) form an ONB of L2(M, dVg ).

Hersch (1970)
Let g = ωg0 be a Riemannian metric on S2 such that Area(S2, g) = 4π
Then,

λ1(S
2, g) ≤ 2.

Equality occurs if and only (S2, g) is isometric to the canonical round
sphere S2 ⊂ R3.
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Proof of the Hersch inequality 1

The Rayleigh quotient of a function f : M → R is

R(f ) :=

∫
M |∇g f |2g dVg∫

M f 2 dVg
.

It follows from the work of our forefathers that

λ1(M, g) = min

{
R(f ) : f ∈ W 1,2(M, g),

∫
M
f dVg = 0

}

The canonical strategy to bound λ1(M, g) from above is to
construct good trial functions f to use in this characterisation.

We intend to use the coordinate functions π1, π2, π3 : S2 → R for
this purpose.
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Proof of the Hersch inequality 2

Hersch 1970 and Laugesen 2020

Let µ be a non-atomic measure on Sn ⊂ Rn+1.

Then there exists a conformal diffeomorphism τ : Sn → Sn such
that ∫

Sn

πi ◦ τ dµ = 0 ∀i = 1, 2, · · · , n + 1.

Using the measure µ = dVg on S2 this leads to functions
fi = πi ◦ τ that are admissible and it follows that

λ1(S2, g)
∫
S2

3∑
i=1

π2
i ◦ τ︸ ︷︷ ︸
1

dVg ≤
∫
S2

3∑
i=1

|∇g (πi ◦ τ)|2g dVg .
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Proof of the Hersch inequality 3

Lemma (Conformal invariance of the m-Dirichlet energy)

Let (M1, g1)
τ−→ (M2, g2) be a conformal diffeomorphism between

m-dimensional closed manifolds. Then, for each f ∈ W 1,2(M2)∫
M1

|∇g1(f ◦ τ)|mg1 dVg1 =

∫
M2

|∇g2f |mg2 dVg2 .

It follows that

λ1(S2, g)Area(S2, g) ≤
∫
S2

3∑
i=1

|∇g0πi |2g0︸ ︷︷ ︸
2

dVg0 = 8π.

This completes the proof of Hersch inequality.
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More generally. . .

Yang-Yau 1980

If M is a closed orientable surface, then

λ1(M, g)Area(M, g) ≤ 8π(1 + γ).

In particular,

sup{λ1(M, g) : Area(M, g) = 1} < ∞.

Colbois–Dodziuk 1994
If M is a closed manifold of dimension m ≥ 3, then

sup{λ1(M, g) : Vol(M, g) = 1} = +∞.
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Generalization to arbitrary
dimensions



The conformal volume of Li and Yau

Let M be a closed Riemannian manifold.

The conformal volume of an immersion ϕ : M → Sn is

VC (n, ϕ) := sup
τ∈Aut(Sn)

Vol(τ(ϕ(M))).

The n-conformal volume of (M, g) is

VC (n,M, [g ]) := inf
ϕ:M→Sn

VC (n, ϕ)

Here the infimum is on all conformal immersions.

By Nash theorem combined with stereographic projections,
conformal immersions ϕ : M → Sn exists for large enough n.
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Li–Yau 1982 El Soufi–Ilias 1986

Let M be a closed m-dimensional manifold.

For each conformal class C on M and each Riemannian metric g ∈ C
that admits a conformal immersion ϕ : M → Sn ⊂ Rn+1,

λ1(M, g)Vol(M, g)2/m ≤ mVc(n,M,C )2/m.

Equality holds if and only if there exists a minimal immersion ϕ : M → Sn
such that

−∆gϕ = λ1(M, g)ϕ,

and ϕ⋆gSn = kg for some constant k > 0.

The equality case allows the computation of Vc(n,M,C ) in many
situations. For instance:

VC (2, S2, [g0]) = 4π

8 / 15



Li–Yau 1982 El Soufi–Ilias 1986

Let M be a closed m-dimensional manifold.

For each conformal class C on M and each Riemannian metric g ∈ C
that admits a conformal immersion ϕ : M → Sn ⊂ Rn+1,

λ1(M, g)Vol(M, g)2/m ≤ mVc(n,M,C )2/m.

Equality holds if and only if there exists a minimal immersion ϕ : M → Sn
such that

−∆gϕ = λ1(M, g)ϕ,

and ϕ⋆gSn = kg for some constant k > 0.

The equality case allows the computation of Vc(n,M,C ) in many
situations. For instance:

VC (2, S2, [g0]) = 4π

8 / 15



Li–Yau 1982 El Soufi–Ilias 1986

Let M be a closed m-dimensional manifold.

For each conformal class C on M and each Riemannian metric g ∈ C
that admits a conformal immersion ϕ : M → Sn ⊂ Rn+1,

λ1(M, g)Vol(M, g)2/m ≤ mVc(n,M,C )2/m.

Equality holds if and only if there exists a minimal immersion ϕ : M → Sn
such that

−∆gϕ = λ1(M, g)ϕ,

and ϕ⋆gSn = kg for some constant k > 0.

The equality case allows the computation of Vc(n,M,C ) in many
situations. For instance:

VC (2, S2, [g0]) = 4π

8 / 15



Proof of the El Soufi–Ilias inequality 1

It follows from the Hersch-Laugesen Lemma that there exists a
conformal immersion ϕ : M → Sn such that∫

M
πi ◦ ϕ dVg = 0.

The variational characterization of λ1 then gives

λ1(M, g)

∫
M
π2
i ◦ ϕ dVg ≤

∫
M
|∇g (πi ◦ ϕ)|2g dVg .

As above, summing over i = 1, 2, · · · , n + 1 leads to

λ1(M, g)Vol(M, g) ≤
∫
M

n+1∑
i=1

|∇g (πi ◦ ϕ)|2g dVg .

The rhs is not conformally invariant if m ≥ 3
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Proof of the El Soufi–Ilias inequality 2

Hölder’s inequality gives∫
M

n+1∑
i=1

|∇g (πi◦ϕ)|2g dVg ≤
(∫

M

(
n+1∑
i=1

|∇g (πi◦ϕ)|2g )m/2 dVg

)2/m
Vol(M, g)1−2/m.

By conformal invariance, we conclude

λ1(M, g)Vol(M, g)2/m ≤
(∫

ϕ(M)

(
n+1∑
i=1

|∇g0πi |2g0︸ ︷︷ ︸
m

)m/2 dVg0

)2/m
= mVol(ϕ(M))

And this (almost) completes the proof of the inequality.
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Upper bound for λ2



Mehdi Eddaoudi and A.G 2025
arXiv:2501.08761

Let M be closed manifold of dimension m.

For each conformal class C on M that admits a conformal
immersion ϕ : M → Sn ⊂ Rn+1, the following inequality holds for
each g ∈ C ,

λ2(M, g)Vol(M, g)2/m < 2
2
mmVc(n,M,C )2/m.
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Corollary
Let (M, g) be a closed orientable Riemannian surface of genus γ.
Then

λ2(M, g)Area(M, g) < 16π(1 + γ).

Corollary
Let (M, g0) be an irreducible homogeneous space of dimension m.
For each g ∈ [g0],

λ2(M, g) < 2
2
mλ1(M, g0).
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Spheres and projective planes

Examples include the sphere Sm and the projective space Pm(R)
for which we recover recent results of Hanna Kim.

Kim 2022
Let ωm be the volume of the standard round sphere Sm ⊂ Rm+1.
Let CSm be the corresponding conformal class. For each g ∈ CSm ,

λ2(Sm, g) < 2
2
mλ1(Sm) = m(2ωm)

2/m. (1)

Kim 2025
Let CPm(R) be the canonical conformal structure on the projective
space Pm(R). For each g ∈ CPm(R),

λ2(Pm(R), g) < 2
2
mλ1(Pm(R)) = (2m + 2)ω

2
m
m .
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Manifold Dimension λ1 λ2

(M, g0) m =dim(M)

Sm m mω
2/m
m m(2ωm)

2/m

Pm(R) m 2(m + 1)(ωm
2 )2/m 2(m + 1)ω

2/m
m

Pd(C) m = 2d 4π(d+1)

d!1/d
21/d4π(d+1)

d!1/d

Pd(H) m = 4d 8π(d+1)

(2d+1)!1/2d
21/2d8π(d+1))

(2d+1)!1/2d

P2(O) m = 16 48π( 6
11!)

1/8 48π( 12
11!)

1/8

T2
eq m = 2 8π2

√
3/3 16π2

√
3/3

K m = 2 12πE (2
√
2

3 ) 24πE (2
√
2

3 )
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Spherical folding



I will now present ideas for the proof of the main result. . .
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