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Few words about diffusion problems

Heat equation:
ug—Au=0 in R x (0,00),
u(0) = wp.

For any ug € L'(R) the solution u € C([0,0), L' (R)) is given by:

u(t,x) = (G(t,-) * up)(x)

where
—1/2 |z|?
G(t,z) = (dmt)™ /" exp(=— )
Decay of solutions, 1 < p < ¢ < c:
< _l(l_l)
Ju®)|lLaw) St 27 2 |luollLe(w)



For any ug € L'(R) and p > 1 we have

1(1_1)
£2070)|lu(t) — MGyl|» — 0,

where M = [ ug.

Proof:

z— oyl
(Gorun) )= MGr(o) = s [ (exn( =20 —expl =5 oo

+ Taylor expansion with integral reminder, etc...
Remark 1: assuming ug € L*(1 + |x|) gives a better convergence result:
extra t1/2

Remark 2: More terms can be obtained using decomposion on Dirac dela
up = Mo + M6} + ... Duoandikoetxea + Zuazua, CRAS 92 B
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A transport term

Similarly, for
Ut — Ugy + AUy = 0,2 € R,

we get
u(t,x) ~ MGy(x — at)

Also, for Burgers' equation
Up — U + a(u?), = 0,2 € R,

R
\/fua’M(\/f)'

How you get the first term in the asymptotic expansion?

u(t,x) ~




Scaling Arguments (¢, z) = Au(\%t,

Why?

o Leaves invariant the equation : (u)); = (u))zz, keeps the mass

o u(t) — MGy — 0in LYRY) < uy(1) — far in LY(R) as A — oo
How it works (Four step method: Vazquez-Kamin)

@ scaling - write the equation for u)

@ estimates and compactness of {u)}

@ passage to the limit uy — U, ux(1) — U(1)

@ identification of the limit: U; = U,,,

U(0) = Méo: limy—g [ U(t,z)p(x)dz = Me(0) Uniqueness! 11




Remarks on the method

A good method for nonlinear problems

ug — Au A+ ([ul? ), = 0, ug + (—A)% + (Jul? u), =0

and even non-homogenous operators u; + Lu = 0 (A.Garriz, L.I1.)
It works for the first term in the asymptotic expansion

No ideea how to get more terms for u; = Auw if the kernel is not

eplicit. Duandikoetxea & Zuazua decomposition works well when you
convolute some nice kernel with Dirac’s deltas

It work for graphs having at least one inifinite edge (AMPA21 - Heat,
NODEA22 - (|u|9tu), )

There are some excelent web notes on the method by G. Karch




Asymptotic expansion, The first term

Uy — Uy + Oz (Jul?tu) =0
Xz 00 () — U (8| oy — 0, as £ — oo

Escobedo-Vazquez-Zuazua, Carpio, etc...

o Diffusive g > 2
Up — Upy = 0,U(0) = Mdy, p € [1,00]
o Critical ¢ =2
Up — Upy + 02(u?) = 0,U(0) = My

e Convective 1 < ¢ < 2;
0 < g < 1, Laurencot-98, Endal-Quiros-LI-2024,

Up + 0, (Jul® ) = 0,U(0) = Mg, p € [1,00) @



Nonintegrable data

T.-E. Ghoul, N. Masmoudi and E. Pacherie, Nonlinear enhanced
dissipation in viscous Burgers type equations, CPDE 2023, AIHP-C 2025

Up — Ugy + (u2)x =0

okt

w0l

,7 € (0,1),x — +o0

Hopf-Cole transform

o4 1
im ¢34 u(t, t T
tlg(r)lotv u(t, t™7 z) — p(2)




Q: is there any result for |u|?1u, q # 27
Previous works for Porous Medium Equation

uy = Au™, up = Au™ — uP

ﬁ N. D. Alikakos and R. Rostamian, On the uniformization of the
solutions of the porous medium equation in R", Israel J. Math. 47
(1984), no. 4, 270-290; MR0764297

[§ S. Kamin and M. Ughi, On the behaviour as t — co of the solutions
of the Cauchy problem for certain nonlinear parabolic equations, J.
Math. Anal. Appl. 128 (1987), no. 2, 456—469;



Functional framework

o up(z) ~ ﬁ,’y €(0,1),z — 0
ug € LP(R) for any p > 1/~ but all the results will not be optimal
when using LP — L9 decay of the linear semigroup

° up(x) = ﬁ,'y € (0,1), even worse

up € LY (R)

The weak LP-spaces or Marcinkiewicz spaces

l *
£l zroo(r) = suptv f*(t) = sup A[{z € R, | f(z)| > A}'/P.
t>0 A>0
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Well-posedness in LP*(R)

U — Ugg + (|9 u), =0, z €R,
u(0) = up.

e ug € LP(R) classical
o ug € LP®(R) N L=(R) C LP(R) for all p > po
[w®)lLr®) < lluollLer)

e For any pg € (1,00) there is a unique solution
u € C([0,00), LPO>°(R))

C
[w(®)] Lpoo (r) < (ﬁ)l/pHuonoo(R)y for all po < p < oo.
@ Previous work of Boccardo JEE2023, Parabolic estimates for
ur — div(a(t,z, Vu)) =0 @x
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Decay of the solutions

Let py € (1,00) and ug € LP9>°(R) N L>°(R). Then the following holds:

__1
[uoll Lro.comyt 70, q>po+1,

_ q
|u(t)]| oo (m) < C(po) § ClluollLro.se(r))t 0w g e (2,14 po),

Po

—p 1
Jeaoll o gyt~ 70T, g€ (12,

(2)

v

e First part/Parabolic follows from Boccardo's arguments
o If ug € LY/7°(R) the critical case is ¢ = 1+ 1/~
1

e The expected hyperbolic decay should be ¢t rote=1 for g < pg + 1
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Hyperbolic decay

Lemma (Oleinik type estimates)

Let ¢ > 1. Any nonnegative solution u satisfies

1
WHUOHLW(Z ))7 qg—1<r<1,

(u")o(t, @) < (3)

1_ 1

C(q,T)t_i_iq%l, 0<r<l,qg>r+1.

.

Lemma (Magic lemma)

Let u € C*(R) nonnegative such that for some p € [1,00) and r € (0, 1]
Jul| prery <A and (u)e < B inR (4)

for some constants A and B. Then,

1
[ull ooy < C(r,p) AP+ Brir. (5)




Convergence in expandable sets

Let ug € L*(R) such that

- gl
121}[100 |z|Yuo(z) — k+

for some v € (0,1). Then, for all R > 0 we have

1
lim ﬂ/Q/ u(t, V2 U (=0  ifg>1+ =,
Jim ng‘ (t,£2€) — Uy €)| 5

. A
lim ¢t1+G@—1)~

[ Jue e v =0 g,
e ¢I<R

where U, is the profile of the unique (self-similar) solution with initial
datum kyx” ifx > 0, k_(—x") ifx < 0 to the heat equation if v > 1+ %

the complete equation if ¢ =1 + % or the pure conservation law if
g€ (1,2

o
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Few ideas of proof

[uo(2)| S 1z with v € (0,1)

HUOHLI/%oo(R)f7/2, q>1+ %,

Fullei) < C@o) 1 .
1 o0 ( 1 1
(%) T (1,9

The behaviour of the solutions when ¢ € (2,1 + 1/v] is still open. In the
case of pure conservation laws (without diffusion), Dafermos proved that
for any ¢ > 1 solutions decay as

|u(t)|oo St 1+(qw_1)7.




The case ¢ € (1,2]. In this case we consider the following rescaled family
ux(t, z) = NuA D7 Ag).

Uyt + (F(UA)JL‘ = A(qil)’yilu)\,zz-

Idea: uy(1) — U, in L}, (R) where U, is the entropy solution of the
equation

k:S n(r
Uy + (F(U)s =0, inQ:=(0,00) xR, U(0,z)= é’g ) onR.
(6)

Big Problem: the uniqueness of the limit profile U,.
e L ((0,T) x R) entropy solutions, Panov’s papers
e U, is not any entropy solution, it inherits some properties from )
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Kruzkov entropy solution

F :R — R be locally Lipschitz and ug € L>(RY)

O + 0z (F(u)) =0, , T 0,7) x R,
{ + 0z(F (u)) (t,z) € (0,T) )

u(0,z) = up(z), z €R.

A function v € L*°((0,T) x R) is called a KruZkov entropy solution if for
every k € R and every o € C°((0,T) x RY), ¢ > 0, one has

T
/0 /R (Iu— kl 9o + sen(u — k) (F(u) — (k) - Vi) drdt > 0. (8)

lim/K |u(t, z) — up(x)| dx = 0. 9)

)

Kruzkov72: unique bounded entropy solution



Our uniqueness result

Theorem

Let v € (0,1) and |F(u)| < |ul? with1 < g <1+ %y For any function ug
satisfying

1
luo(z)| S W, Vr e R,

there exists al most one entropy solution U € L*°((7,00) x R) for all
T > 0 satisfying the decay property

U(t,z)| <t @7, Vi > 0. (10)

v

For 1 < g < 2 existence from the limit of u).
For 2 < ¢ < 1+ 1/~ only uniqueness.
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Self similar profiles

Let g > 1 and

_ ki/zY, x>0,
up(x) = {k_/|ac]'7, . v € (0,1), ki k- eR\{0}. (11)

For any k4 and k_ positive there exists a self-similar entropy solution in
the uniqueness class (when ¢ < 1 + %)

_ x
Ult,z) =tV (t—ﬁ) : (12)
¥ 1
0= _——"—-, /B = T /. o\
1+7(g—1) 1+7(q—1)

and profile V'€ L*°(R) satisfies lim¢_, 4o [£]7V (§) = k.
Moreover, there exists a positive constant (7, q) such that the same
result holds for k_ < 0 < ky with ki < e.(y,q)|k—|. 19/2




Asymptotic expansion again

e v =1 is special .

(1 + Jz[)7’
(t+1)77% 7 € (0,1),
(t+1)"Y2log(2 + 1),y = 1.

lug(z)| < z € R.

|G * ug|poo(r) S { (13)

Theorem

Let ug € L*(R) such that

luo(2)| S

for all z € R. 14
1+ |z (14)

Then

(t+1)"Y2log(2 + 1), q>2,
lu()l| oo (m) < (15)

(t+1)"Ylog9(2+1), 1<q<2
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Theorem

Let k+ € R with ky + k_ # 0 and ug € L*°(R) be such that

xgrinoo |z|up(x) — k.

Then, for all R > 0 we have
2t1/2

lim sup
too0jg<p | logt

lim sup ‘g(T)u(qu_l(T),Tf) — U(f)‘ =0 if g€ (1,2], (17)

u(t, t12€) — (ky + k,)Gl(g)‘ =0 ifg>2  (16)

where g(7) = 7/log T and U is the N-wave profile, i.e. the unique entropy
solution of

ur + (F(u))z =0 in @ :=(0,00) xR, u(0) = (k4 + k—)do.
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To be continued...

2<g<1+ % no idea how to extend/what to use instead of the
Oleinik estimate

0<g<land0<~<1. For vy > 1, integrable data Laurencot
AMPA 1998

Fractional diffusion (—A)*

Nonlocal Diffusion u; = J xu — u

Vorticity equation, some connection with Gallay works for Oseen
vortices for integrable data

@ With J. Rossi we have results for infinite edges graphs for integrable
data AMPA21, NODEA22, uy = Aru + (uf),, ¢ > 2.
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Thanks for your attention!



