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Part I

Discrete and Metric Graphs
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Differential equations on metric graphs
Metric graph: collection of compact intervals (edges) en = [x2n−1, x2n]
where certain end points from V = {xj}2Nj=1 are identified
(vertices Vm are equivalence classes of endpoints from V)
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Laplace, Schrödinger, magnetic Schrödinger on the edges:

τ = − d2

dx2
, − d2

dx2
+ q(x),

(
i
d

dx
+ a(x)

)2

+ q(x).

Vertex conditions:

i(Sm + Im)U⃗(Vm) = (Sm − Im)∂U⃗(Vm)

U⃗(Vm) - vector of all limiting values of u at the vertex Vm,

∂U⃗(Vm) - vector of all normal derivatives of u at the vertex Vm,
Sm - unitary parameter, the vertex scattering matrix for k = 1
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+ q(x).

Standard vertex conditions: (free, natural, Neumann)
u(xi ) = u(xj), xi , xj ∈ Vm continuity condition;

∑
xj∈Vm

∂u(xj) = 0, Kirchhoff condition.
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Discrete and metric graphs
Discrete graph G as a pair (v , e)
Combinatorial and normalised Laplacian matrices L(G ), LN(G )
The spectrum is finite µj(LN(G )) – the spectrum of G .

Metric graph Γ as a pair (E ,V )
Standard Laplacian Lst(Γ)
The spectrum is discrete, but infinite λn(Γ) = k2

n – the spectrum of Γ.

Important connections
1 Barra-Gaspard: the secular equation describing the spectrum of Lst(Γ) can

be written in the form (Barra-Gaspard)

pΓ(k) ≡ PG (e
ik ℓ⃗) = 0

▶ PG is a multivariate polynomial depending on the discrete graph G ,
▶ e ik ℓ⃗ = (e ikℓ1 , e ikℓ2 , . . . , e ikℓN ), ℓn - lengths of the edges;
▶ pΓ(k) is a trigonometric polynomial (almost periodic function).

2 von Below: if all lengths in Γ have the same length, then the spectrum is
periodic and is connected to the spectrum of the normalized Laplacian
matrix on G

1− cos kn(L
st(Γ)) = µj(LN(G ))
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Spectral geometry of metric graphs

Main question:

How topology and geometry of the metric graph Γ
are reflected in the spectrum of Lst(Γ)?

Metric graph Γ can be seen as a singular one-dimensional manifold.

1 Explicit spectral estimates

2 Spectral asymptotics (Laplace and Schrödinger spectra)

3 Surgery principles

4 Trace formulas

5 . . .
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Spectral estimates
Main tools:

Rayleigh quotient

surgery principles

cutting along an eigenfunction

Eulerian path technique/symmetrization technique

Serge Nicaise, P.K. Sergey Naboko, Gabriela Malenova, Delio Mugnolo, James
Kennedy, Greg Berkolaiko, . . .

(
n − |N|+β

2

)2

n ≥ |N|+ β

n2

4L2
, otherwise

 ≤ λn(Γ) ≤
(
n − 2 + β + |D|+ |n|+ β

2

)2

β - the number of cycles
|D|, |N| - number of Dirichlet and Naumann vertices
L = π - normalized total length
Developed methods seems to lead to knew spectral estimates for
discrete graphs
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Trace formula for metric graphs
J.-P. Roth, B. Gutkin, T. Kottos, U. Smilansky, P.K., M. Nowaczyk∑

kn

(δ(k − kn) + δ(k + kn))︸ ︷︷ ︸
spectral information

= (1− β1)︸ ︷︷ ︸
= χ

δ(k) +
L
π
+

1

π

∑
p∈P

l(prim (p))Sv(p) cos kℓ(p)

︸ ︷︷ ︸
geometric/topologic information

where
L - the total length of the graph;
χ – Euler characteristic of Γ;
β1 – number of independent cycles in Γ;
P – the set of closed oriented paths p on Γ;
ℓ(p) – length of the closed path p;
Sv(p) – product of all vertex scattering coefficients along the path p.

The formula is exact and thus reminds of Selberg trace formula but is close to
Gullemin-Melrose formula (for compact Riemannian manifolds):∑

λi∈spec(∆)

cos
(
λi

)1/2
t =

∑ T ∗
γ

|I − Pγ |1/2
δ(t − Tγ) + R(t), R ∈ L1,loc
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Trace formula for metric graphs

The Euler characteristic χ is determined by the spectrum of the standard
Laplacian (or even by the spectrum of the standard Schrödinger operator)

χ = 2 + 2 lim
t→∞

∑
kn ̸=0

cos kn/t

(
sin kn/2t

kn/2t

)2

The formula is obtained by applying the trace formula to a test function having
triangular profile.
The series is always converging, but it is highly unclear why the limit exists and
is an integer.
Experiments (!!) with microwave cavities show, that to get Euler characteristic,
which is an integer, it is enough to measure several dozens of eigenvalues – the
series can be substituted by a sum.

Kramar Fijavž & Kurasov (Ljubljana & Stockholm) Analysis on discrete and metric complex systems March 16, 2026, Milano 9 / 33



Trace formula for metric graphs
J.-P. Roth, B. Gutkin, T. Kottos, U. Smilansky, P.K., M. Nowaczyk

∑
kn

(δ(k − kn) + δ(k + kn))︸ ︷︷ ︸
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(1 + β1)δ(k) +
∑
kn ̸=0

(δ(k − kn) + δ(k + kn))︸ ︷︷ ︸
u(k)

=
L
π
+

1

π

∑
p∈P

l(prim (p))Sv(p) cos kℓ(p)

û(ℓ) = 2Lδ(ℓ) +
∑
p∈P

ℓ(prim (p))Sv(p)
(
δ(ℓ− ℓ(p)) + δ(ℓ+ ℓ(p))

)
,

u(k) is a crystalline measure
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Trace formula for metric graphs

Crystalline measure: the measure µ itself and its Fourier transform µ̂ are sums
of delta functions with discrete supports:

µ =
∑
λ∈Λ

aλδλ µ̂ =
∑
s∈S

bsδs

The sets Λ (the support) and S (the spectrum) need to be very well structured.

Standard Laplacians on metric graphs led to first examples of crystalline
measures with uniformly discrete support, thus providing negative answer to
Hamburger’s suggestion how to prove Riemann hypothesis!

P. K. and P. Sarnak, Stable polynomials and crystalline measures, J. Math.
Phys., 61 (2020), no. 8, 083501, 13 pp.
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Planarity of graphs

Discrete graph G ⇒ M ×M symmetric adjacency matrices A = (aij)

1 aii is any real number,

2 aij < 0 if v i ∼ v j ,

3 aij = 0 if v i ̸∼ v j and i ̸= j .

Strong Arnold Property: there is no non-zero symmetric matrix X ∈ S⊥
G such

that
AX = 0.

Colin de Verdière graph parameter µ(G ) – maximal multiplicity µ of the
second eigenvalue.

Theorem. (Y.Colin de Verdière, L. Lovász, A.Schrijver)

µ(G ) = 1 iff G is a path,

µ(G ) ≤ 2 iff G is outer planar,

µ(G ) ≤ 3 iff G is planar,

µ(G ) ≤ 4 iff G is linklessly embeddable.
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Planarity of graphs

How to generalize Colin de Verdière parameter for metric graphs?
Consider metric graphs Γ with varying edge lengths and varying delta couplings
at the vertices.
The number of parameters:

#of edges + #of vertices

µ(Γ) - the maximal multiplicity of the second eigenvalue.
Strong Arnold property there is no two eigenfunctions vanishing on some two
star subgraphs of Γ.

Theorem. (P.K. and Alice Brolin) Γ corresponds to the discrete graph G, then

µ(Γ) = µ(G )

and all above conclusions hold.
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Spectral asymptotics
Spectra of Laplace and Schrödinger operators on metric graphs satisfy Weyl’s
asymptotic law:

kn ∼ π

L
n, n → ∞,

where L is the total length of the graph.
No asymptotic exapandion is possible:

kn =
π

L
n + α0 +

α1

n
+ . . .

Asymptotically isospectral graphs Γ and Γ′

kn(Γ)− kn(Γ
′) → 0, n → ∞.

Theorem (P.K. and R. Suhr). Two metric graphs Γ and Γ′ are asymptotically
isospectral if and only if they are isospectral.

Theorem (P.K. and R. Suhr). Consider kn and k ′
n – zeroes to two almost

periodic holomorphic functions f and g, respectively. If a subsequence knj is
asymptotically isospectral to k ′

j , then every zero of g is simulateneously a zero
to f , The function f /g is holomorphic.

Developed further by Sergei Favorov.
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Good area for research
Partial isospectrality (Alice Brolin, Mina Farag, P.K., Serge Nicaise)
We study under which conditions extensions of symmetric operators share
few common eigenvalues.
Operators on metric graphs provide an excellent tool to get physically
relevant models for different spectral phenomena.

Models of topology change and non-trivial Berry’s phase (P.K. and
Vladislav Shubin (Master student))
Change of vertex conditions may lead to different topology of associated
graphs. We prove that changing vertex conditions periodically may lead to
non-trivial Berry’s phase, despite that the eigenfunctions are chosen real
valued. Extending model by Frank Wilczek

Resonating vertex conditions for metric graphs (P.K. and Zineb Zellak
(Master student))
We apply theory of generalized point interactions (Sergio albeverio, P.K.,
Boris Pavlov) to describe vertex interactions on metric graphs. This leads
to scattering matrices of the form

Sv (k) =
ik +M(k2)

ik −M(k2)
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Monographs
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Part II

Evolution Equations on Metric Graphs
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Semigroups and generators

An abstract Cauchy problem

(ACP)

{
d
dt u(t) = Au(t), t ≥ 0

u(0) = f

is well-posed in X ⇐⇒ (A,D(A)) generates a strongly continuous semigroup
(etA)t≥0 on X . In this case

the solution is given by u(t, ·) = etAf

spectral properties of A determine qualitative properties of the semigroup
(hence, of the solution).

Main Aim

Study the influence of the geometry of the graph (contained in D(A)) to the
spectrum of the differential operator A and long-term behavior of the process.
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Transport process

On the edges of a finite, connected metric graph (ej ≡ [0, 1]):

∂tuj(x , t) = cj∂xuj(x , t)

In each vertex vi the incoming material is distributed into the outgoing
edges ej according to weights 0 ≤ wij ≤ 1 .

The mass is conserved (Kirchhoff conditions):
∑

inflow =
∑

outflow.

The geometry is given by the weighted adjacency matrix of the line graph B

v1 v2

v3 v4

e1

2
3

e2 1
3

e31

e4

1

e5 1
B =

 0 0 0 0 2
3

0 0 0 0 1
3

1 0 0 0 0
0 1 0 0 0
0 0 1 1 0


BC := C−1BC , C := diag(cj)
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Kramar Fijavž & Kurasov (Ljubljana & Stockholm) Analysis on discrete and metric complex systems March 16, 2026, Milano 19 / 33



Transport process

On the edges of a finite, connected metric graph (ej ≡ [0, 1]):

∂tuj(x , t) = cj∂xuj(x , t)

In each vertex vi the incoming material is distributed into the outgoing
edges ej according to weights 0 ≤ wij ≤ 1 .

The mass is conserved (Kirchhoff conditions):
∑

inflow =
∑

outflow.

The geometry is given by the weighted adjacency matrix of the line graph B

v1 v2

v3 v4

e1

2
3

e2 1
3

e31

e4

1

e5 1
B =

 0 0 0 0 2
3

0 0 0 0 1
3

1 0 0 0 0
0 1 0 0 0
0 0 1 1 0


BC := C−1BC , C := diag(cj)
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Transport process

KF & Sikolya (2005), Matrai & Sikolya (2007):

Spaces and operators: X := L1 ([0, 1],Cm), A := diag
(
cj

d
dx

)
,

D(A) : g(1) = BC g(0)

(A,D(A)) generates a positive strongly continuous semigroup

λ ∈ σ(A) ⇐⇒ det(1− diag(e−λ/cj )BC ) = 0.

If ∃d > 0 such that

d ·
(

1

cj1
+ · · ·+ 1

cjk

)
∈ N for all cycles ej1 , . . . , ejk

then the solution semigroup behaves asymptotically periodic with period =
gcd of cycles lengths,

otherwise, the solution semigroup converges to a projection onto a
1D-subspace spanned by a positive eigenvector of A.
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Transport process

Some generalizations:

Dorn (2008), Dorn, Keicher & Sikolya (2009), Kunszenti–Kovács (2009),
Dobrick (2022), Dobrick &Martin (2026) obtained the same kind of
asymptotic behavior for infinite graphs under certain compactness
assumptions on infinite adjacency matrix B
Radl (2008) considered linear Boltzmann equation with scattering and
proved the convergence towards the one-dimensional projection to the fixed
space

Several applications in biology: Banasiak, Namayanja & Puchalska (2014,
2016), KF & Puchalska (2020)
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Diffusion process

∂tuj(x , t) = −∂2
xxuj(x , t) + standard vertex conditions

von Below (1985), Nicaise (1985), KF, Mugnolo & Sikolya (2007):

The corresponding operator A on L2 ([0, 1],Cm) is self-adjoint, positive, has
compact resolvent and hence discrete spectrum:

σ(A) = {0}∪{π2k2 : k ∈ N}∪{λ ∈ (0,∞) : cos
√
λ ∈ σ(D−1A)∩ (−1, 1)}

where the multiplicity of λ1 = 0 is 1, while the multiplicity of π2k2 depends
on the fact of whether the graph is bipartite or not.

The solution u(t) converges exponentially to an equilibrium:

∥u(t)− C · 1∥ ≤ Me(ε−λ2)t
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Diffusion process

Non-autonomous process: Arendt, Dier, KF (2013) added time-depending
coefficients cj ∈ C 1[0,T ] with cj(t) > ε,

∂tuj(x , t) = −cj(t)∂
2
xxuj(x , t) + cj(t) in standard vertex conditions

▶ eigenvalues of (A(t),D(A(t))): λ1(t) = 0 > λ2(t) > λ3(t) > · · ·
▶ there exists λ2 := inf λ2(t) > 0 and

∥u(t)− C · 1∥ ≤ Me(ε−λ2)t

Diffusion perturbed with noise: Kovács & Sikolya (2023), Fkirine, Kovács
& Sikolya (2026) added Gaussian noise on the edges and/or in the vertices

▶ regularity of the solutions having e.g. finite q-th moments in the space of
continuous functions, or, in the case of Kirchhoff noise in the vertices, the
solutions have a version with continuous L2-valued paths

▶ strong Feller property of the transition semigoup (providing a regularizing
effect by mapping bounded measurable functions into the space of bounded
continuous functions).
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Kramar Fijavž & Kurasov (Ljubljana & Stockholm) Analysis on discrete and metric complex systems March 16, 2026, Milano 23 / 33



Diffusion process

Non-autonomous process: Arendt, Dier, KF (2013) added time-depending
coefficients cj ∈ C 1[0,T ] with cj(t) > ε,

∂tuj(x , t) = −cj(t)∂
2
xxuj(x , t) + cj(t) in standard vertex conditions

▶ eigenvalues of (A(t),D(A(t))): λ1(t) = 0 > λ2(t) > λ3(t) > · · ·
▶ there exists λ2 := inf λ2(t) > 0 and

∥u(t)− C · 1∥ ≤ Me(ε−λ2)t

Diffusion perturbed with noise: Kovács & Sikolya (2023), Fkirine, Kovács
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Difussion on infinite graphs

Düfel, Kennedy, Mugnolo, Plümer & Täufer (2025) showed that the spectral
type of ∆ (Laplacian with standard vetex conditions) on graphs with infinite
total length but finite diameter subtly depends on the behaviour around
so-called graph ends, introduced by Kostenko, Mugnolo & Nicolussi (2022)

σ(∆) = σd(∆) ⇐⇒ |B1/(k+1)(γ)\B1/k | ≤ k−α for all graph ends γ.

“teeth” at n−1/2

σess(∆) ̸= ∅
“teeth” at n−3/4

σ(∆) = σd(∆)
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Ornstein-Uhlenbeck process

dut = −θut dt + σ dWt

The associated OU operator:

(Af )(x) =
1

2
f ′′(x)− |x |f ′(x)

Taking Gaussian measure µ(dx) = 1
π e

−x2

dx : Af = divµ(∇f )

OU operator generates an analytic, compact, strongly continuous
semigroup on L2µ(R)
σ(A) = {−k : k ∈ N0}, eigenfunctions: Chebyshev-Hermite polynomials
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Ornstein-Uhlenbeck process

Mugnolo & Rhandi (2022):

star graphs with m rays and standard vertex
conditions in the centre

X =
m⊕
i=1

L2µ(R+) with µ(dx) :=
2

m
√
π
e−x2

dx

σ(A) = {−k : k ∈ N0}, multiplicity: 1 (even),
m − 1 (odd)
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Ornstein-Uhlenbeck process

Arora, KF, Mugnolo & Rhandi (in preparation):

OU operator on rooted trees

Dirichlet or Neumann condition in the root o,
standard conditions elsewhere

µ(dx) := 2√
π
e−|x|2ddx where |x |d = d(x , o)

(not translation invariant!)

spectrum of both realisations accumulates at −∞:

λk ∼ −k as k → ∞

finer estimates on regular rooted trees, mimic the
decomposition of Naimark & Solomyak (1999) for
the Laplacian
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Part III

Perspectives of WG1
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Perspectives of WG1

Beyond finite (Rosaria Lancia, Simon Becker)
▶ Study self-adjointess, spectral properties and evolution equations on infinite

graphs, including the important class of self-similar structures (fractals).
Understand the interplay between volume and diameter on one side and
limit point/limit circle characterisation on the other side.

▶ Generalise the notion of graph limits to metric graphs, ie., metric graphons.

Beyond 1D
▶ Develop models of graph-like structures with inclusions in the form of

simplicial complexes instead of intervals, ie., simplicial graphs.

Beyond linearity and self-adjointness (Colette De Coster)
▶ Study non-linear stationary and evolution equation on metric graphs.

Solitons and non-linear vertex interactions. Describe spectral properties
when self-adjointness requirement is lifted.

Beyond theory (Claudio Cacciapuoti, Anna Rozanova-Pierrat)
▶ Applications in electrical, gene-regulating and financial networks, physics,

architecture,. . .
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Planned activities

Mathematical Modelling for the Microstructure of Ceramics
Valenciennes, May 18-19, 2026
Focused Innovation session (with WG4)

New challenges for Dirac operators
Madrid, June 1-5, 2026

Operator Theory, Analysis and Mathematical Physics - OTAMP2026
Stockholm, June 21-25, 2026
The 14-th conference in the series

Mathematical modeling of adaptive cycle
Bled, July 13-15, 2026
Focused Innovation session (with WG3)

QGraph meeting
Stockholm, December 6-8, 2026
The 15-th meeting in the series.
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Bitars and tritars
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Can one hear the shape of a drum?
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We are looking forward to future collaborations!
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