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Spanning tree

Given a finite graph G = (V ,E ):

A spanning tree T is a connected cycle–free subgraph of G . Denote
by T = T(G ) the set of all spanning trees of G .
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UST and MST

Uniform spanning tree

Given weights w : E → R+, the weighted uniform spanning tree
(UST) measure on T(G ) is given by

Pw(T = T ) ∝
∏
e∈T

w(e).

Minimum spanning tree

Given distinct weights w : E → R+, the minimum spanning tree
(MST) on T(G ) is the spanning tree that minimizes

Hw(T ) :=
∑
e∈T

w(e).
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Difference in UST and MST

UST (w ≡ 1) MST

Simulations on a random 3-regular graph with |V | = 100, 000.

We wish to study the diameter of T in the hope that

1

diam(T )
T −→ Meaningful.
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Diameter of UST and MST

UST MST

Diameter Scaling Limit Diameter Scaling limit

Complete graph
√

|V | 1 CRT 2 |V | 13 6 M 7

Torus d ≥ 5
√
|V | 3,4 CRT 3,5 |V | 13 ?? M ??

Random 3-regular
√

|V | 4 CRT ?? |V | 13 8 M 8

1.[Rényi-Szekeres’67]; 2.[Aldous’91]; 3.[Peres-Revelle’05];
4.[Michaeli-Nachmias-Shalev’21]; 5.[Archer-Nachmias-Shalev’22];
6.[AddarioBerry-Broutin-Reed’06] 7.[AddarioBerry-Broutin-Goldschmidt-Miermont’17]
8.[AddarioBerry-Sen’21]
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RSTRE model
Let G = (V ,E ) be a finite graph and µ a probability measure on
(−∞,∞). Let

(Xe)e∈E i.i.d. RVs with law µ,

w(e) = exp(−βXe), β ≥ 0.

Random Spanning Tree in Random Environment (RSTRE)

Given (Xe)e∈E and β ≥ 0 define the weighted UST measure on T(G )
by letting

PX (T = T ) :=
1

ZX

∏
e∈T

exp(−βXe) =
1

ZX
exp

(
− β

∑
e∈T

Xe

)
.

We call T the Random Spanning Tree in Random Environment
(RSTRE) and let P̂(·) := EµP

X (·) be the averaged law.

• For what choice of µ and β do we see UST or MST behaviour?
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Bounded degree & fixed distribution

Theorem 1 [M-Salvi-Sun’23]

Let G = (V ,E ) with |V | = n be either:

(1) α-expander with max degree ∆ < ∞;

(2) box in Zd , d ≥ 5.

Let µ be a probability measure on (−∞,∞) and fix β ≥ 0. Then
∃ c1 > 0 and c2 = c2(µ, β, α,∆) ≥ 0 s.t. ∀ ε > 0

E
[
PX

( √
n

c2(ε−1 log n)c1
≤ diam(T ) ≤ c2(ε

−1 log n)c1
√
n
)]

≥ 1− ε .

Counterexample on Complete Graph

Let G = Kn and µ heavy tailed enough. Then

E
[
PX

(
T = MST

)]
n→∞−−−→ 1 . (1)
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Proof idea of (1)

UST on (G ,w) ↔ Random Walks on (G ,w) ↔ Bottleneck Φ(G ,w)

Define the bottleneck ratio

Φ = Φ(G ,w) := min
0<π(S)≤1/2

∑
u∈S,v∈Sc π(u)p(u, v)

π(S)
. (2)

Proposition 1

Let (G ,w) be a weighted graph with |V | = n and
max deg(v)/mindeg(v) = D. Then ∃ c > 0 s.t. ∀ ε > 0

PX

( √
n

(ε−1DΦ−1)c
≤ diam(T ) ≤ (ε−1DΦ−1)c

√
n

)
≥ 1− ε.

This is a special case of an extension of [Michaeli-Nachmias-
Shalev’21].
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Proof idea of (1)

1. Perform percolation on G with p = µ(−A,A), where A = A(µ) is
large so that p is close to 1 → open edges comparable.

2. Obtain G ′ by conditioning on the realization of T on closed
edges: delete edges not in T ; contract edges in T .

G G ′

Lemma 1

There ∃ c > 0 s.t. with high probability

Φ(G ′,w)−1 ≤ (A · log n)cΦ(G ,w ≡ 1)−1.
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Complete graph
Let G = Kn and (Xe)e∈E i.i.d. U[0, 1].

RSTRE Complete graph with varying β

Given (Xe)e∈E and β ∈ [0,∞] consider

PX
β (T = T ) =

1

ZX
β

exp
(
− β

∑
e∈T

Xe

)
.

We are interested in P̂(·) := EPX
β (·) as β = βn varies (averaged law).

• β = 0 corresponds to UST (with diameter n
1
2 ).

(Weights deterministic, Tree random)

• β = ∞ corresponds to MST (with diameter n
1
3 ).

(Weights random, Tree deterministic)
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Low disorder

Theorem 2 (Low Disorder) [M-Salvi-Sun’24, Kúsz’24]

There exists a constant C such that for βn ≤ Cn/ log n and every
δ > 0

P̂
(
diam(Tβn) is of order

√
n
)
≥ 1− δ.

Proof Idea: Show that Φ(G ,w) is w.h.p. uniformly bounded from
below (weighted expander).

• For fixed β we even have convergence to the CRT (dense
weighted expander → graphon).
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High disorder

Theorem 3 (High Disorder) [M-Salvi-Sun’24, Kúsz’24]

If βn ≥ n4/3 log n, then for δ > 0

P̂
(
diam(Tβn) is of order n

1/3
)
≥ 1− δ.

There are different “scales” in the disorder variables:

|Xe − Xf | = Θ
( 1

βn

)
=⇒ w(e)

w(f )
= e−βn(Xe−Xf ) = Θ(1)

Xe − Xf ≥ C
log n

βn
=⇒ w(e)

w(f )
≤ n−C

Lemma 2

There exists C > 0 such that w.h.p.

diam(Tβn) ≈ diam
(
Tβn on C1

(1
n
+

C log n

βn

))
.
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Future work

Conjecture 1

For Gn = Kn and w(e) = exp
(
−βnXe

)
with Xe ∼ U[0, 1], we have

w.h.p. (up to log factors)

diam(Tβn) ≈


n

1
2 , βn ≤ n,

n
1
2
− γ

2 , βn = n1+γ , 0 ≤ γ ≤ 1
3 ,

n
1
3 , βn ≥ n

4
3 .

Idea: Try to show that:

diam
(
Tβn on C1

(1
n
+

C log n

βn

)) ?
≈

√∣∣∣C1(1
n
+

C log n

βn

)∣∣∣
≈

√
n2

βn
.
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Thank You!

UST (w ≡ 1) w(e) ∼ 1
U[0,1] MST

Simulations on a random 3-regular graph with |V | = 100, 000.
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