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Given a finite graph G =
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A spanning tree T is a connected cycle—free subgraph of G. Denote
by T = T(G) the set of all spanning trees of G.
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UST and MST

Given weights w : E — R, the weighted uniform spanning tree
(UST) measure on T(G) is given by

PY(T=T)x [] w(e).

ecT
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UST and MST

Uniform spanning tree

Given weights w : E — R, the weighted uniform spanning tree
(UST) measure on T(G) is given by

PY(T=T)x [] w(e).

ecT

Minimum spanning tree

Given distinct weights w : E — R, the minimum spanning tree
(MST) on T(G) is the spanning tree that minimizes

HY(T) := Z w(e).

ecT
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Difference in UST and MST

Simulations on a random 3-regular graph with | V| = 100, 000.
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Difference in UST and MST

Simulations on a random 3-regular graph with | V| = 100, 000.

We wish to study the diameter of T in the hope that

1

WT — Meaningful.
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Diameter of UST and MST

usT MST
Diameter | Scaling Limit | Diameter | Scaling limit
Complete graph VIVIE CRT? V|36 M7
Torus d > 5 VIV CRT3? V|3 72 M7
Random 3-regular VIV CRT 77 V|38 M8

1.[Rényi-Szekeres'67]; 2.[Aldous’91]; 3.[Peres-Revelle'05];
4.[Michaeli-Nachmias-Shalev'21]; 5.[Archer-Nachmias-Shalev'22];
6.[AddarioBerry-Broutin-Reed’06] 7.[AddarioBerry-Broutin-Goldschmidt-Miermont'17]
8.[AddarioBerry-Sen'21]
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RSTRE model

Let G = (V, E) be a finite graph and x a probability measure on
(—o00,00). Let
(Xe)ece i.i.d. RVs with law s,

w(e) = exp(—FXe), g >0.
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RSTRE model

Let G = (V, E) be a finite graph and x a probability measure on
(—o00,00). Let

(Xe)ece i.i.d. RVs with law s,
w(e) = exp(—FXe), g >0.

Random Spanning Tree in Random Environment (RSTRE)

Given (X.)ecr and 3 > 0 define the weighted UST measure on T(G)
by letting

PX(T=T) ZXHexp —BXe) = exp( BZX)
eeT ecT

We call 7 the Random Spanning Tree in Random Environment
(RSTRE) and let P(-) := E,PX(-) be the averaged law.

® For what choice of ;1 and 5 do we see UST or MST behaviour?
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Bounded degree & fixed distribution

Theorem 1 [M-Salvi-Sun’23]

Let G = (V, E) with |V| = n be either:

(1) a-expander with max degree A < oo;

(2) box in Z9, d > 5.

Let 1 be a probability measure on (—o0, 00) and fix 5 > 0.
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Bounded degree & fixed distribution

Theorem 1 [M-Salvi-Sun’23]

Let G = (V, E) with |V| = n be either:

(1) a-expander with max degree A < oo;

(2) box in Z9, d > 5.

Let 1 be a probability measure on (—o0,c0) and fix 5 > 0. Then
Jca >0and oo = o(p, B, a,A) > 0s.t. Ve >0

IE[PX (cg(\ﬁ < diam(7T) < (e log n)clﬁﬂ >1—c¢.

e~ llogn)a
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Bounded degree & fixed distribution

Theorem 1 [M-Salvi-Sun’23]

Let G = (V, E) with |V| = n be either:
(1) a-expander with max degree A < oo;
(2) box in Z9, d > 5.

Let 1 be a probability measure on (—o0,c0) and fix 5 > 0. Then
Jca >0and oo = o(p, B, a,A) > 0s.t. Ve >0

IE[PX (cg(\ﬁ < diam(7T) < (e log n)clﬁﬂ >1—c¢.

e~ llogn)a

Counterexample on Complete Graph

Let G = K, and u heavy tailed enough. Then
IE[PX (T = MST)} Ll (1)
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Proof idea of (1)

UST on (G, w) <> Random Walks on (G, w)
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Proof idea of (1)

UST on (G, w) <> Random Walks on (G, w) <« Bottleneck ®(G, w)

Define the bottleneck ratio

. . ZLIES,VESC 7T(U)p(u7 V)
e=0(C W)= min . - 9) G
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Proof idea of (1)

UST on (G, w) <> Random Walks on (G, w) <« Bottleneck ®(G, w)

Define the bottleneck ratio

()

ZUES veSe W(u)p(u, V)
o =d(G = i ’ .
(Gw)i= _min (5

Proposition 1

Let (G, w) be a weighted graph with |V| = n and
maxdeg(v)/ mindeg(v) = D. Then 3¢ > 0s.t. Ve >0

X Vn 3 ~-1pp-1
p ((5_1D¢—1)C <diam(7T) < (¢ "D® )Cﬁ> >1—c¢.
This is a special case of an extension of [Michaeli-Nachmias-
Shalev'21].
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Proof idea of (1)

1. Perform percolation on G with p = u(—A, A), where A = A(u) is
large so that p is close to 1 — open edges comparable.
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Proof idea of (1)

1. Perform percolation on G with p = u(—A, A), where A = A(u) is
large so that p is close to 1 — open edges comparable.

2. Obtain G’ by conditioning on the realization of 7 on closed
edges: delete edges not in 7; contract edges in 7.

!
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Proof idea of (1)

1. Perform percolation on G with p = u(—A, A), where A = A(u) is
large so that p is close to 1 — open edges comparable.

2. Obtain G’ by conditioning on the realization of 7 on closed
edges: delete edges not in 7; contract edges in 7.

!

G G’

!

There 9 ¢ > 0 s.t. with high probability
®(G',w)" < (A-logn)°d(G,w=1)"1.
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Complete graph
Let G = K, and (Xo)eer i.id. UJO,1].

RSTRE Complete graph with varying 3

Given (Xe)ecre and 3 € [0, o] consider

Pi(T = T)z%exp(—BZXe)

B eeT

We are interested in P(-) := ]EPg() as 3 = [, varies (averaged law).
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Complete graph

Let G = K,, and (Xo)ecr i.id. U[0,1].

RSTRE Complete graph with varying 3

Given (Xe)ecre and 3 € [0, o] consider

Pi(T = T)— exp(—BZXe>.

ﬁ eeT

We are interested in P(-) := ]EP?() as 3 = [, varies (averaged law).

® 3 =0 corresponds to UST (with diameter n%)

(Weights deterministic, Tree random)

® 3 = oo corresponds to MST (with diameter n%)

(Weights random, Tree deterministic)
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Low disorder

Theorem 2 (Low Disorder) [M-Salvi-Sun'24, Kiisz'24]

There exists a constant C such that for 5, < Cn/log n and every
0>0

P (diam(75,) is of order v/n) > 1 — 6.
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Low disorder

Theorem 2 (Low Disorder) [M-Salvi-Sun'24, Kiisz'24]

There exists a constant C such that for 5, < Cn/log n and every
0>0

P (diam(75,) is of order v/n) > 1 — 6.

Proof Idea: Show that (G, w) is w.h.p. uniformly bounded from
below (weighted expander).

e For fixed 3 we even have convergence to the CRT (dense
weighted expander — graphon).
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High disorder

Theorem 3 (High Disorder) [M-Salvi-Sun’24, Kisz'24]

If 8, > n*/3log n, then for § > 0

P (diam(Tgn) is of order n1/3> >1-4.
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High disorder

Theorem 3 (High Disorder) [M-Salvi-Sun’24, Kisz'24]

If 8, > n*/3log n, then for § > 0
P (diam(ﬁgn) is of order n1/3> >1-4.

There are different “scales” in the disorder variables:

1 Xe — X¢| = (i) — w(e) — o Bn(Xe=Xr) _ =0(1)

w(f)
Iogn w(e)
Xe_XfZCBH W(f)gn
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High disorder

Theorem 3 (High Disorder) [M-Salvi-Sun’24, Kisz'24]

If 8, > n*/3log n, then for § > 0
P (diam(ﬁgn) is of order n1/3> >1-4.

There are different “scales” in the disorder variables:

1 Xe — X¢| = (i) — w(e) — o Bn(Xe=Xr) _ =0(1)

w(f)
Iogn w(e)
Xe_XfZCBH W(f)gn

There exists C > 0 such that w.h.p.
. . 1 Clogn
diam(73,) ~ diam (7&" on C1<; + 3 ))
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Future work

Conjecture 1
For G, = K, and w(e) = exp (—3,Xc) with X. ~ U[0, 1], we have
w.h.p. (up to log factors)

1
nz, Bn < n,
. 1
diam(73,) ~{ n2=2, B,=n't", 0<~y< 4
1 4
ns, Bn > n3.
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Future work

Conjecture 1
For G, = K, and w(e) = exp (—3,Xc) with X. ~ U[0, 1], we have
w.h.p. (up to log factors)

1
nz, Bn < n,
. 1
diam(73,) ~{ n2=2, B,=n't", 0<~y< 4
1 4
ns, Bn > n3.

Idea: Try to show that:

. 1  Clogn,\? 1 Clogn
dlam(T[gn onCl(;+ ﬂng ))%\/‘Cl(n—l— 5 )‘

Q
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Thank You!

UST w=1)

01]

Simulations on a random 3-regular graph with | V| = 100, 000.
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