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Introduction

Microstructures

SED 20.0kV WD10mm HV  x60
TU Delft

Single-phase steel AlSI stainless steel Multi-phase steel
microstructure with carbides precipitation microstructure

|
Microstructure in metallic materials is a three-dimensional arrangement of grains,
phases and defects, with all their chemical and structural variety.
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Microstructure features

* grain size

orietti (TU Delft) Statistical Inference for Poisson-Laguerre tessellation mSPACE-WG4



Introduction

Statistical analysis of microstructure features

Microstructure features
* grain size

* grain clustering

orietti (TU Delft) Statistical Inference for Poisson-Laguerre tessellation mSPACE-WG4



Introduction

Statistical analysis of microstructure features

Microstructure features
* grain size
* grain clustering
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Microstructure features
* grain size
* grain clustering

* grain orientation

* grain shape
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Microstructure features
* grain size
* grain clustering

* grain orientation

* grain shape

e correlation functions
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Statistical analysis of microstructure features

Microstructure features
* grain size
* grain clustering

* grain orientation

* grain shape
e correlation functions

* tortuosity, constrictivity

orietti (TU Delft) Statistical Inference for Poisson-Laguerre tessellation mSPACE-WG4



Introduction

Statistical analysis of microstructure features

Microstructure features
* grain size
* grain clustering

* grain orientation

* grain shape
¢ correlation functions
* tortuosity, constrictivity

Mechanical properties: hardness, strength, hole expansion capacity, etc.
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Poisson-Voronoi Tessellations

Let ® = {x;: i= 1} c R be a locally finite set of distinct points, called generators. The
Voronoi cell associated with x; € ® is

Clx;, @) = {yeR?: |ly—x;ll < lly— x;ll for all x; € ®}.
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Poisson-Voronoi Tessellations

Let ® = {x;: i= 1} c R be a locally finite set of distinct points, called generators. The
Voronoi cell associated with x; € ® is

Clx;, @) = {yeR?: |ly—x;ll < lly— x;ll for all x; € ®}.

The collection 7 (®) = {C(x;, @)} y,cq is called the Voronoi tessellation.
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Poisson-Voronoi Tessellations

Let ® = {x;: i= 1} c R be a locally finite set of distinct points, called generators. The
Voronoi cell associated with x; € ® is

Clx;, @) = {yeR?: |ly—x;ll < lly— x;ll for all x; € ®}.

The collection 7 (®) = {C(x;, @)} y,eo is called the Voronoi tessellation. If ® is a
homogeneous Poisson point process on R with intensity A > 0, we call 7 (®) the
Poisson-Voronoi tessellation.
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Poisson-Laguerre tessellation

A Laguerre tessellation in R? is defined via a set of weighted points
1 ={(x1, 1), (%2, hp),...}, called generators, where x; is a point in R and h;> 0.
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Poisson-Laguerre tessellation

A Laguerre tessellation in R? is defined via a set of weighted points
1 ={(x1, 1), (%2, hp),...}, called generators, where x; is a point in R and h;> 0.
Each generators corresponds to a set, called cell:

* empty set

* polytope — tessellation
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Poisson-Laguerre tessellation

A Laguerre tessellation in R? is defined via a set of weighted points
1 ={(x1, 1), (%2, hp),...}, called generators, where x; is a point in R and h;> 0.
Each generators corresponds to a set, called cell:

* empty set
* polytope — tessellation

Let n* < n be the extreme points of 77, the subset of points which generate non-empty
cells:

n*:={(x,h) en: Cllx, H),n) # 2},
where C((x, h),n) is the cell associated with (x, h).
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Poisson-Laguerre tessellation

A Laguerre tessellation in R? is defined via a set of weighted points
1 ={(x1, 1), (%2, hp),...}, called generators, where x; is a point in R and h;> 0.
Each generators corresponds to a set, called cell:

* empty set

* polytope — tessellation
Let n* < n be the extreme points of 77, the subset of points which generate non-empty
cells:

n*:={(x,h) en: Cllx, H),n) # 2},

where C((x, h),n) is the cell associated with (x, h).

A Poisson-Laguerre tessellation is obtained by taking 1 to be a Poisson point process
on R? and intensity measure v x F, with v; a Lebesgue measure on R and F a non-zero
locally finite measure concentrated in (0, co).
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oisson-Laguerre tessellation

A realization of a planar Poisson-Laguerre tessellation and the corresponding extreme
points with circle with radius proportional to the weight of the point.
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Voronoi growth comparison
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Statistical inference for Poisson-Laguerre tessellation

Effectively, statistical inference for a Poisson-Laguerre tessellation is then reduced to
statistical inference for the point process n*.
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Statistical inference for Poisson-Laguerre tessellation

Effectively, statistical inference for a Poisson-Laguerre tessellation is then reduced to
statistical inference for the point process n*.

For z= 0 we define:
F(z) :=F((0, z]).

the distribution function of F — this is the only parameter in this model to be estimated.
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Statistical inference for Laguerre tessellation

Inversion Reconstruction

Recovering the generator points from the Use a stochastic, nonparametric
tessellation. (Bourne et al. 2025, Petrich et optimization approach to construct a
al. 2019, Quey & Renversade 2018) random tessellation that reproduces

selected statistics, e.g., the cell size
distribution. (Alpers et al. 2025,
Lautensack 2008, Seitl 2022)
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Statistical inference for Laguerre tessellation

Inversion Reconstruction

Recovering the generator points from the Use a stochastic, nonparametric
tessellation. (Bourne et al. 2025, Petrich et optimization approach to construct a
al. 2019, Quey & Renversade 2018) random tessellation that reproduces

selected statistics, e.g., the cell size
distribution. (Alpers et al. 2025,
Lautensack 2008, Seitl 2022)

Infer three-dimensional characteristics from lower-dimensional
observations, such as planar sections. (Gusakova &in Wolde-Liibke
2025, Lautensack & Zuyev 2008)
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Inference via a dependent thinning

Let 11 be a Poisson process on R4 x (0,00), d =2, with intensity measure vg x .
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Inference via a dependent thinning

Let 11 be a Poisson process on R4 x (0,00), d =2, with intensity measure vy xF. Let y € R4
and considering the thinning of :

nY:={(x,h) en:x+ye C(x h),n}.

Note that ¥ cn* cn.

Lemma (van der Jagt, Jongbloed, V., 2025)

Let Be (R%), ye R and z = 0, the intensity measure AY of 7)? satisfies:

Iy12+h

N (Bx (0,2]) = vd(B)fO exp(— deo Iy t)?dF(t))dF(h).

This intensity measure can be computed via the Mecke equation (Mecke, J.(1967)).
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Inference via a dependent thinning

Let &, denotes the space of all (not necessarily bounded) distribution functions on
(0,00).
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Inference via a dependent thinning

Let &, denotes the space of all (not necessarily bounded) distribution functions on
(0,00).
We define for F € %, the function Gg: [0,00) — [0,00) as:

z h
Gp(z)::f exp(—de (h—t)ng(t))dF(h).
0 0
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Inference via a dependent thinning

Let &, denotes the space of all (not necessarily bounded) distribution functions on
(0,00).
We define for F € %, the function Gg: [0,00) — [0,00) as:

z h
Gp(z)::f exp(—de (h—t)ng(t))dF(h).
0 0

Theorem (Identifiability) (van der Jagt, Jongbloed, V., 2025)

Let F,F> € ., R>0.If Gf,(2) = GF,(2) for all z€ [0, R) then F}(2) = F>(2) for all z€ [0, R),
If GF1 = GFz then F; = F.

Proof based on a variant of the Grénwall inequality.
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First inverse estimator of F

Suppose we observe the extreme points 7 within the bounded observation window W,
as well as their Laguerre cells and we wish to estimate Gp.
We define the following unbiased estimator for Gr:

. 1
Gn(2) := Y Tw, (0,2 (M) NHxe C(x, h),n)}

Va(Wy) (x,hen
1

=y 2w loa),

(x,en®

where n° represents the point process n¥ with y = 0.
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First inverse estimator of F

Suppose we observe the extreme points 7 within the bounded observation window W,
as well as their Laguerre cells and we wish to estimate Gp.
We define the following unbiased estimator for Gr:

1

Gulz) := ———— Tw, () 10,21 (W Hx € C((x, h),n)}
1
_m Z 1]I/Vn('x)ﬂ(o,z](h),

(x,en®

where n° represents the point process n¥ with y = 0.

First inverse estimator of F

Define ) to be the unique function Fj € &, which satisfies: G (2) = Gu(2) for all z= 0.
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First inverse estimator of F

Fg(ho) =0, 1?2 is recursively defined via:

i—1
() = Fy(hi1) + (Gali) = Gulhi)-exp (g Y- (hi = 1) (F () = Ef(hy-1))).
j=1
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First inverse estimator of F

Fg(ho) =0, 1?2 is recursively defined via:
i—1
() = Fy(hi1) + (Gali) = Gulhi)-exp (g Y- (hi = 1) (F () = Ef(hy-1))).
j=1

For empirical estimators such as G, their consistency follows from a spatial ergodic
theorem. See (D. ]. Daley and D. Vere-Jones, 2008).

‘
~
=

Theorem (Consistency of F9) (van der Jagt, Jongbloed, V., 2025)
With probability one lim;,—.o Fg(z) =F(z) forallz=0
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First inverse estimator of F

Fg(ho) =0, 1?2 is recursively defined via:

i—1
() = Fy(hi1) + (Gali) = Gulhi)-exp (g Y- (hi = 1) (F () = Ef(hy-1))).
j=1

For empirical estimators such as G, their consistency follows from a spatial ergodic
theorem. See (D. ]. Daley and D. Vere-Jones, 2008).

Theorem (Consistency of F9) (van der Jagt, Jongbloed, V., 2025)

‘
~
=

With probability one lim;,—.o Fg(z) =F(z) forallz=0

Note this estimator only depends on points (x, k) of n* with x € W,, and for which x is
located in its own Laguerre cell.
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Inference via the volume-biased weight distribution

Volume-biased weight distribution

Let i be a Poisson process on R4 x (0,00), d =2 with intensity measure vy xF and F a
locally finite measure concentrated on (0,00). Let A€ Z(R), define the following
probability measure:

[FV(A) :=[E( Z /ﬂ[O,l]d(x)/ﬂA(h)Vd(C((xyh);n)))-
(x,h)en

F" describes the distribution of the random weight associated with a randomly chosen
Laguerre cell, the probability of picking any given cell being proportional to its volume.
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Inference via the volume-biased weight distribution

Theorem (van der Jagt, Jongbloed, V., 2025)

Let 1) be a Poisson process and let z= 0. Define F(z) := F((0,z]) and F" (2) :=F"((0, z]), the
distribution functions corresponding to F and F respectively. The measure F" is a
probability measure and FV is given by:

Fv(z)zl—exp(—de (z—t)?dF(t))+%f exp(—xdf (u—t)?dF(r))f (u—h) ¢ LdF(hdu
0 z 0 0

Corollary (van der Jagt, Jongbloed, V., 2025)
Let z> 0, if d = 2 the CDF F" is given by:

FV(z) =1-exp ( - n/ F(pdrt
0

+nF(z)f exp(—n[ F(t)dt)du.
z 0
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Inference via the volume-biased weight distribution

Volume-biased weight distribution induced by F

Forz=0, Fe %, and m = 0, we define:

V(z;F,m) := l—exp(—n[ F(t)dt)+ﬂF(z)(m—f exp(—nf F(t)dt)du).
0 0 0

o0 u
mpzzf exp(—n/ F(t)dt)du.
0 0

Theorem (van der Jagt, Jongbloed, V., 2025)

Let Fi, b € #4,let R>0.1If mp, = mg, and V(z; Fi, mp,) = V(z, F>, mg,) for all z€ [0, R),
then F;(2) = F2(2) for all z€ [0, R). Consequently, if mp, = mp, and
V(; F,mg) = V(; F,mg), then F = F.
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Second inverse estimator of F

* We first define an estimator for the distribution function FV

2 men Iw, () 10,2 (MVa(C((x, h), )
2, en Iw, () va(C((x, h),m)
Note that the estimator does not incorporate edge effects.

F,‘l/(z) =

Statistical Inference for Poisson-Laguerre tessellation mSPACE-WG4
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Second inverse estimator of F

* We first define an estimator for the distribution function FV

L men w, 00,2 (Mva(C(Cx, b),m)
2 men Tw, )va(Cl(x, h), 1)
Note that the estimator does not incorporate edge effects.
* We estimate my using FO:

o0 u
Ay, = mpngo exp(—nfo Ffl(t)dt)du.

F,‘l/(z) =

Jittorietti (TU Delft) Statistical Inference for Poisson-Laguerre tessellation mSPACE-WG4



Reconstruction
00000000800

Second inverse estimator of F

* We first define an estimator for the distribution function FV

L men w, 00,2 (Mva(C(Cx, b),m)
2 men Tw, )va(Cl(x, h), 1)
Note that the estimator does not incorporate edge effects.
* We estimate my using FO:

o0 u
Ay, = mpngo exp(—nfo Ffl(t)dt)du.

Second inverse estimator of F

Define F, to be the unique function F, € %, which satisfies for all z= 0:

F,‘l/(z) =

P,‘[(z):l—exp(—nf Fn(t)dt)+7rf3n(z)(mn—f exp(—nf Pn(t)dt)du).
0 0 0
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Consistency

After proving consistency for mp, we can prove consistency of F,

Theorem (Consistency of F,,) (van der Jagt, Jongbloed, V., 2025)

With probability one, lim,,—.o Fn(z) = F(z) forall z=0.
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Simulations

Let M > 0 and z = 0, we consider the following choice for the underlying F:

Fiz;M)=z-M{z< M} + M- T1{z= M}

Realizations of £ Realizations of £
1.00 4 34
0.75 4
24
o —
Z 0.50 b
14
0.25 4 == Mean estimate = Mean estimate
=== F === F
0.00 T T 0 T T T
0.0 0.5 1.0 0 1 2 3
Realizations of I:',, Realizations of I:',,
1.00 4 p 34 : o=
tRfEaT
0.75 :
— _ 24 /
= 0.50 4 =
19 "
0.25 4 = Mean estimate = Mean estimate
=== F === F
0.00 T T 0 T T T
0.0 0.5 1.0 0 1 2 3
M=1 M=3
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Sectional Poisson-Laguerre tessellations

Suppose we observe the extreme points and the corresponding cells, of a
Poisson-Laguerre tessellation L(n) in R%"!, through the observation window W,,.
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Sectional Poisson-Laguerre tessellations

Suppose we observe the extreme points and the corresponding cells, of a
Poisson-Laguerre tessellation L(n) in R%"!, through the observation window W,,.
The underlying Poisson process i has intensity measure v4 x [, where [ is a locally finite

measure concentrated on (0,00).
This Poisson-Laguerre tessellation in R%~! is the sectional tessellation corresponding to
a Poisson-Laguerre tessellation L(¥) in R4,
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Sectional Poisson-Laguerre tessellations

Suppose we observe the extreme points and the corresponding cells, of a
Poisson-Laguerre tessellation L(n) in R%"!, through the observation window W,,.

The underlying Poisson process i has intensity measure v4 x [, where [ is a locally finite
measure concentrated on (0,00).

This Poisson-Laguerre tessellation in R%~! is the sectional tessellation corresponding to
a Poisson-Laguerre tessellation L(¥) in R4,

Intensity measure of ¥

The Poisson process ¥ of the higher-dimensional tessellation has intensity measure
vq x H, where H is a locally finite measure concentrated on (0,00). For z= 0 define:
H(z) :=H((0, z]).
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Sectional Poisson-Laguerre tessellations

Suppose we observe the extreme points and the corresponding cells, of a
Poisson-Laguerre tessellation L(n) in R%"!, through the observation window W,,.

The underlying Poisson process i has intensity measure v4 x [, where [ is a locally finite
measure concentrated on (0,00).

This Poisson-Laguerre tessellation in R%~! is the sectional tessellation corresponding to
a Poisson-Laguerre tessellation L(¥) in R4,

Intensity measure of ¥

The Poisson process ¥ of the higher-dimensional tessellation has intensity measure
vq x H, where H is a locally finite measure concentrated on (0,00). For z= 0 define:
H(z) :=H((0, z]).

How is H related F?

Can we use a consistent estimator for F to obtain a (locally) consistent estimator for H?
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The generator points of the sectional Laguerre diagram

Lemma (van der Jagt, Jongbloed, V., 2025)

Let ¢ < R? x (0,00) be an at most countable set. Let 6 € $%~! and s€ R. Define the
hyperplane T:= {ye R%: (0,y) = s}. For (x, h) € ¢, with xe R? and h > 0 let:

X =x—(0,x)—50

=R |1X =2 = h+ (6, %) - 9)°.

Note that x' € T and define ¢’ := {(x, /) : (x, h) € @}. Then, for all (x, h) € ¢:
Cl(x, h), )N T=C'((x, 1), ") with:

C((x,n), @) ={yeT:|ly-X|>+H <|ly-xl|*+ hforall (%, h) € ¢'.
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Preliminaries

* For x € RY write x = (x1,X2,...,Xq).
¢ Choose the hyperplane x; =0 (8 = (0,...,0,1) € s lands=0)
* Consider the mapping (x1,...,xg, B — (x1,...,X4-1,0, h+xfi).

* Consider the function 7 : R? x (0,00) — R%"! x (0,00) defined as:
06 ) = (1, Xg-1, B+ X0);

¢ 7n:=1(¥) generates the sectional tessellation.
* 7 is again a Poisson process on R4-1 x (0,00) with intensity measure E(P(r™1 ().
e Let BcR% ! be aBorel set and z=> 0

7(x,h) € B0,z © xe Bx [-Vz—h,Vz—h|and h<z
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The relationship between F and H

Via the Campbell formula we find:
E(w @ (B (0,21) :fwfoooﬂ{r(x, h) € Bx (0,2} dH(h) dx
:fRdfOooﬂ{xeBx [~ Vz=h Vz=h]} dH( dx
= vd_l(B)zfozx/ﬂdH(h).

Hence, we obtain

F(2) =2f Vz—hdH(h)
0
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Properties of F and H

¢ Fisan unbounded function, lim, .., F(2) = co
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Properties of F and H

¢ Fisan unbounded function, lim, .., F(2) = co

¢ Fis absolutely continuous and has a Lebesgue density given by:

£ 1
f@ 2[0 dH (D).

z—t
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Properties of F and H

¢ Fisan unbounded function, lim, .., F(2) = co

¢ Fis absolutely continuous and has a Lebesgue density given by:

£ 1
f@ 2[0 dH (D).

z—t

e Itis possible to express H in terms of F because this is an Abel integral equation.

172 1
—f dF(f) = H(2)
TJo vz—t
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Estimators for H

A plugin estimator for H(z) is given by:

Hp(2) := — dF(1),

o=

where F, is a piecewise constant, strongly consistent estimator for F.
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Estimators for H

A plugin estimator for H(z) is given by:

1 [~? 1 _
H(2) = ~ f dF(0),
T Jo z—1

where F, is a piecewise constant, strongly consistent estimator for F.
This estimator is, however, rather ill-behaved.

* H, is not a monotone function;

* H, is decreasing between jump locations of F;

* if zy is a jump location of F,, then limg, ) Hy(2) = 0o
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Isotonic estimator

* Let k= k(n) be the number of jump locations of F;,.
* Let hy, hy, ..., hp with 0 < hy < hy < -+- < h < oo be the jump locations of F,.
* Forz=0:

U,(2) ::f Hn(t)dt=%f Vz—tdF, (D).
0 0

* Choose (alarge) M>0 and define zp; := min{hy, M}.
* Let U,QVI be the greatest convex minorant of U, on [0, zp/]
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nic estimator

* Let k= k(n) be the number of jump locations of F;,.
* Let hy, hy, ..., hp with 0 < hy < hy < -+- < h < oo be the jump locations of F,.
* Forz=0:

U,(2) ::f Hn(t)dt=%f Vz—tdF, (D).
0 0

* Choose (alarge) M>0 and define zp; := min{hy, M}.
* Let U,QVI be the greatest convex minorant of U, on [0, zp/]

Isotonic estimator

. UMz ifze[0,2um),
H, (2):= M 1)
U, (zp) ifz=zzyy,
where U,ﬂ‘”, UM denote the left- and right-derivative of UM,
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Consistency of the isotonic estimator

Theorem (Consistency of HM) (van der Jagt, Jongbloed, V.,2025)

Let M > 0 and let ny be as in (1). Let z€ [0, M), then with probability one:
H(z-) < lim infﬁg[(z) < lim sup Hy(z) < H(z).
n—oo n—oo

In particular, if z is a continuity point of H: lim,,—, H (z) = H(z) almost surely.
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Consistency of the isotonic estimator

Theorem (Consistency of H,Af ) (van der Jagt, Jongbloed, V.,2025)
Let M > 0 and let ny be as in (1). Let z€ [0, M), then with probability one:
H(z-) < lim infﬁg[(z) < lim sup Hy(z) < H(z).
n—oo n—oo

In particular, if z is a continuity point of H: lim,,—, H (z) = H(z) almost surely.

Note that is possible to show that computing the isotonic estimator H,, is equivalent to
solving an isotonic regression problem.
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Simulations

Let M >0 and z = 0, we consider the following choice for the underlying F:

FzM)=z-Wz<M}+M-Nz= M}

Realizations of A, Realizations of A,
1.00 3 4 [ =
—
0.75 . i——a—
~ 2 =
= = =
x 0.50 =

= Mean estimate = Mean estimate
--— H --— H

0.0 0.5 1.0 0 1 2 3
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Overparametrization

Can we find a characterization of all configurations of weighted points which yield the
same Laguerre tessellation?
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Overparametrization

Lemma (Meyron, J. (2019))

Let .# e Nand ¢ = {(x;, h)}ics cR?xR. Let A >0,ce R and z€ R. For i€ .# define:

xi=Axi+c
W= Ah;— A = DlIxil1* = 2Mx;,¢) + 2

Sety = {x;., h’l.}i € ¢, then L(g) = L(y). In fact, C((x;, hi),p) = C((x’l., h’i),w) for all ie N.
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Overparametrization

Lemma (Meyron, J. (2019))
Let . e Nand ¢ = {(x;, h)}iey < RYxR. Let A >0,ce RY and z€ R. For i € .# define:

xi=Axi+c
W= Ah;— A = DlIxil1* = 2Mx;,¢) + 2

Sety = {x;., h’l.}i € ¢, then L(g) = L(y). In fact, C((x;, hi),p) = C((x’l., h’i),w) for all ie N.

Theorem

Let ¢ = {x;, h))}ien < R x R, d = 2. Assume @ satisfies the regularity conditions and its
points are in general position. Let ¢ c R x R be a countable set of distinct points.
Assume that C((x, h), ) # @ for each (x, h) € ¢ and C((x, h),¥) # @ for each (x, h) € y.
Then, L(g) = L(y) if and only if = {(x}, &)} jer for some 1> 0, ce R? and z€ R.
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Inverting Poisson-Laguerre tessellations via weighted least-squares

We are in some sense interested in the “best” configuration of the weighted generators,
and because all configurations are related to the original configuration, it does not
matter which configuration we start with.
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Inverting Poisson-Laguerre tessellations via weighted least-squares

We are in some sense interested in the “best” configuration of the weighted generators,
and because all configurations are related to the original configuration, it does not
matter which configuration we start with.

For all points (x, h) € n* with x € W), we assume that the Laguerre cells corresponding to
these points are observed.
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Inverting Poisson-Laguerre tessellations via weighted least-squares

We are in some sense interested in the “best” configuration of the weighted generators,
and because all configurations are related to the original configuration, it does not
matter which configuration we start with.

For all points (x, h) € n* with x € W), we assume that the Laguerre cells corresponding to
these points are observed.

We assume also that the original points are known up to a transformation. Specifically,
suppose that 1o >0, ¢y € R and fp: R x R — R% x R via:

Jot iy = (%0‘;—Z»%O’H%O(%O—1)||x||2—%0<x,;_‘;>)
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Inverting Poisson-Laguerre tessellations via weighted least-squares

We are in some sense interested in the “best” configuration of the weighted generators,
and because all configurations are related to the original configuration, it does not
matter which configuration we start with.

For all points (x, h) € n* with x € W), we assume that the Laguerre cells corresponding to
these points are observed.

We assume also that the original points are known up to a transformation. Specifically,
suppose that 1o >0, ¢y € R and fp: R x R — R% x R via:

e e b r bra (L o)

For any point (x, h) € n* with x € W,, we observe f;(x, h) instead of (x, h). Note that we
assume Ag and ¢y to be unknown and we wish to estimate them.
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Criterion function

Define W,g = /%0 w, — X—‘; and a criterion function T}, : R x R — [0, 00) via:

1
Tu(A,0) = Tyyo (%) lIAx+c—yll*dy
Vd(Wn) CE ) C((x,h),fo(m)
Co 2
Tw, (x) ———|+c-y|| d
Vd(Wn) (x%:en W C((x,h), n)|| ( /10) yH Y
and its expectation for A > 0 and c € R% is:
E(T,(, —-1 -—|d dy.
(Tn(A,0)) = Vd(Wn)[ H )x+c o H x+fRd||yII pr(y)dy

and
(TR0, ) =lle= ol + [ yiipe(ydy.

where pr is a probability density function.
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The estimator

The function (A, ¢) — E(Ty(A, ¢)) attains its global minimum in (A, ¢p). This inspires the
definition of the estimator for 1¢ and cy:

(/1,,, tp) = argmin Ty(A,c)
(A, 0 eRxR4
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The estimator

The function (A, ¢) — E(Ty(A, ¢)) attains its global minimum in (A, ¢p). This inspires the
definition of the estimator for 1¢ and cy:

(;ln, tp) = argmin Ty(A,c)
(A, 0 eRxR4

Inversion procedure: for A € R, c€ R, define f(-; A, ¢) : R™! — R% x R via:
(X, ;A 0) = Ax+ ¢, Ah— A(A = D)||x]1> = 2A4x, ¢)).
The inversion procedure boils down to computing the following process:

% = F(fo); Ay En) N (W, x (0,00))
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The estimator

The function (A, ¢) — E(Ty(A, ¢)) attains its global minimum in (A, ¢p). This inspires the
definition of the estimator for 1¢ and cy:

(;ln, tp) = argmin Ty(A,c)
(A, 0 eRxR4

Inversion procedure: for A € R, c€ R, define f(-; A, ¢) : R™! — R% x R via:
(X, ;A 0) = Ax+ ¢, Ah— A(A = D)||x]1> = 2A4x, ¢)).
The inversion procedure boils down to computing the following process:

% = F(fo); Ay En) N (W, x (0,00))

Note that (1, ¢,) minimizes the sum of volume weighted squared distances of the
generators to the centers of mass of their cells.
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Consistency of the inversion procedure

To study the consistency of the estimator (/in, Cn), it is essential to study first the
behaviour of the following random vector, for ne N:

1

T va(Wy) 2w, (9va(Clx 1, mx.

x,h)en

n
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Consistency of the inversion procedure

To study the consistency of the estimator (/in, Cn), it is essential to study first the
behaviour of the following random vector, for ne N:

1
Ap=——— Tw, ) va(C(x, b),n)x.
" T B, OV Cl B

Ay, may be seen as a weighted average of the generator corresponding to non-empty
cells, the weights be the volume of the cells.
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Consistency of the inversion procedure

To study the consistency of the estimator (/in, Cn), it is essential to study first the
behaviour of the following random vector, for ne N:

1
Ay = Tw, ) va(C(x, b),n)x.
" T B, OV Cl B

Ay, may be seen as a weighted average of the generator corresponding to non-empty
cells, the weights be the volume of the cells.
The expected values of A, is the centroid of Wp;:

1
Va(Wy)

E(A,) =

ff E(va(C(x, h),m)dF(h)xdx = xdx = c(W,,).
. Jo

va(Wy) W,
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Consistency of the inversion procedure

Theorem (Consistent inversion) (van der Jaght, Jongbloed,

@ Ifthe sequence (A;) ;=1 is uniformly tight, then:
. A AP
lim (A,¢,) = (Ao, co)-
n—oo
® If the random variable sup,,- ||1A4,l| is almost surely finite, then:

lim (A,,&,) = (Ao, o).
n—oo
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Simulations

Given that when a Poisson-Laguerre tessellation is observed through a window W, the
cells at the boundary are only partially observed, so we consider another estimator for
(Ao, co) :

An€n) = argmin vg(W,) Y. HC((x, h), o) € Wikvyplldx+ c— eyl
(A, 0)eERxR4 (x,Wefo(n)

b 3 % o o L .-. ) .

: DS
F(z)=z-1{z<1}+1{z > 1} Fy(z)=0.01-1{z> 1} +0.04-1{z > 8} +0.95 - 1{z > 10}
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Estimation of F

Let 1), denote the configuration of weighted generators obtained via the inversion
procedure defined via (An, ¢,). For z= 0 define:
Gn(2) =

Y ﬂwn(sc)ﬂm,z](iz)ﬂ{fceC((fc,h),ﬁ;)}
(&, heq

va(Wy)

FO) = F(hi-1) + () = G(hi1)) - exp(xdz(hl ) (E(hy) - E(y-1).

Martina Vittorietti (TU Delft) Statistical Inference for Poisson-Laguerre tessellation mSPACE-WG4
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Realizations of FY (unknown)

Inversion

0000000000 e

Realizations of £Y (known)

1.00 | '—— Mean estimate L00 | —— Mean estimate
-— F - F
0.75 1 0.75 1
I C
i 0.50 & 0.50 1
0.25 1 0.25 4
0.00 0.00
T T T T T T T T T T T T T T
0.0 02 04 06 08 10 12 00 02 04 06 08 1.0 1.2
z 4
Realizations of .5',,? (unknown) Realizations of F,? (known)
1.6 1.6
—— Mean estimate —— Mean estimate
12 === F 124 === F
= 0.8 = 08
9
0.4 1 0.4
0.0 T T T T T 0.0 = T T T T
2 4 o 8 10 12 2 4 [ 8 10
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Conclusions & Future Directions

* Consistency of the estimators based on weighted generators obtained via the
inversion procedure are in general consistent is an important open problem.
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Conclusions & Future Directions

* Consistency of the estimators based on weighted generators obtained via the
inversion procedure are in general consistent is an important open problem.

¢ Edge effects
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Conclusions & Future Directions

* Consistency of the estimators based on weighted generators obtained via the
inversion procedure are in general consistent is an important open problem.

¢ Edge effects

e Which estimator?

orietti (TU Delft) Statistical Inference for Poisson-Laguerre tessellation mSPACE-WG4




Conclusions
0®000

Conclusions & Future Directions

* Consistency of the estimators based on weighted generators obtained via the
inversion procedure are in general consistent is an important open problem.

¢ Edge effects
* Which estimator?

* Asymptotics
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Conclusions & Future Directions

* Consistency of the estimators based on weighted generators obtained via the
inversion procedure are in general consistent is an important open problem.

¢ Edge effects

* Which estimator?
* Asymptotics

e Stereology
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Conclusions & Future Directions

* Consistency of the estimators based on weighted generators obtained via the
inversion procedure are in general consistent is an important open problem.

* Edge effects

* Which estimator?

* Asymptotics

e Stereology

¢ Application to real data
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